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OBSTRUCTED AND UNOBSTRUCTED POISSON DEFORMATIONS
CHUNGHOON KIM
Abstract. In this paper, we study obstructed and unobstructed (holomorphic) Poisson deformations with
classical examples in deformation theory.
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1. Introduction
In this paper, we study obstructed and unobstructed (holomorphic) Poisson deformations with classical
examples in deformation theory. A holomorphic Poisson manifold X is a complex manifold such that its
structure sheaf is a sheaf of Poisson algebras.1 A holomorphic Poisson structure is encoded in a holomorphic
section (a holomorphic bivector field) Λ0 ∈ H0(X,∧2ΘX) with [Λ0,Λ0] = 0, where ΘX is the sheaf of
germs of holomorphic vector fields on X , and the bracket [−,−] is the Schouten bracket on X . In the
sequel a holomorphic Poisson manifold will be denoted by (X,Λ0). In [Kim14], we studied deformations of
holomorphic Poisson structures on the basis of Kodaira-Spencer’s deformation theory of complex structures.
We defined a concept of a family of compact holomorphic Poisson manifolds, called a Poisson analytic family,
which is based on a complex analytic family in the sense of Kodaira-Spencer’s deformations theory ([Kod05]),
and proved theorem of existence and completeness for holomorphic Poisson structures as analogues of theorem
of existence and completeness for deformations of complex structures ([Kod05]). Throughout this paper, we
will call deformations of complex structures ‘complex deformations’, and deformations of holomorphic Poisson
structures ‘Poisson deformations’ for short. In this paper, we study Poisson deformations with classical
examples in deformation theory. We focus on obstructedness or unobstructedness of compact holomorphic
Poisson manifolds in Poisson deformations. In particular, we provide examples which are
(1) unobstructed in complex deformations, and unobstructed in Poisson deformations.
(2) unobstructed in complex deformations, and obstructed in Poisson deformations.
(3) obstructed in complex deformations, and unobstructed in Poisson deformations.
(4) obstructed in complex deformations, and obstructed in Poisson deformations.
In section 2, we review deformations of holomorphic Poisson structures presented in [Kim14]. We recall
the definitions of a Poisson analytic family (see Definition 2.1.1) and the associated Poisson Kodaira-Spencer
map (see Definition 2.1.7), and integrability condition (see Remark 2.1.8). Given a compact holomorphic
Poisson manifold (X,Λ0), infinitesimal (Poisson) deformations of (X,Λ0) are encoded in the first cohomology
group H1(X,Θ•X) of the complex of sheaves Θ
•
X : ΘX → ∧2ΘX → ∧3ΘX → · · · induced by [Λ0,−]. We
say that a ∈ H1(X,Θ•X) is called an obstructed element in Poisson deformations if there is no Poisson
analytic family of deformations of (X,Λ0) such that a is in the image of the Poisson Kodaira-Spencer map
at the distinguished point (see Definition 2.2.5). As θ ∈ H1(X,ΘX) is an obstructed element in complex
1For general information on Poisson geometry, we refer to [LGPV13] .
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deformations if [θ, θ] 6= 0 in H2(X,ΘX), we similarly describe a condition when a ∈ H1(X,Θ•X) is an
obstructed element in Poisson deformations by using Cˇech reolution and Dolbeault resolution of Θ•X (see
Theorem 2.2.29 and Theorem 2.3.3).
In section 3, we study Poisson deformations of rational ruled surfaces Fm = P(OP1
C
(m) ⊕ OP1
C
),m ≥ 0.
It is known that since H2(Fm,ΘFm) = 0, Fm are unobstructed in complex deformations. We determine
obstructedness or unobstructedness in Poisson deformations for any holomorphic Poisson structure on Fm.
We show that F0, F1, F2, F3 are unobstructed in Poisson deformations for any holomorphic Poisson structure.
For m ≥ 4, (Fm,Λ0) have both obstructed and unobstructed Poisson deformations depending on Poisson
structure Λ0. For unobstructed Poisson deformations, we will explicitly give examples of Poisson analytic
families of deformations of (Fm,Λ0) such that the associated Poisson Kodaira-Spencer map is an isomorphism
at the distinguished point.
In section 4, we study Poisson deformations of (primary) Hopf surfaces. We determine obstructedness or
unobstructedness of Poisson deformations except for two classes of Poisson Hopf surfaces (see Table 8 and
Remark 4.12.1). By extending the method in [Weh81] in the context of holomorphic Poisson deformations,
in the case of unobstructed Poisson Hopf surfaces, we prove the unobstructedness by explicitly constructing
Poisson analytic families such that the associated Poisson Kodaira-Spencer map is an isomorphism at the
distinguished point.
In section 5, we study Poisson deformations of X = C1 ×C2 where C1 and C2 are nonsingular projective
curves with genera g(C1) = g1 and g(C2) = g2 respectively. Since X has only trivial Poisson structure for
g1 ≥ 2 or g2 ≥ 2, we only consider g1 ≤ 1 and g2 ≤ 1. In this case, we show that (X = C1 × C2,Λ0) are
unobstructed in Poisson deformations except for (E × P1
C
,Λ0 = 0) where E is an elliptic curve.
In section 6, we study Poisson deformations of T × P1
C
where T is a complex torus with dimension 2.
It is known that X = T × P1
C
where T is a complex torus with dimension 2, is obstructed in complex
deformations (see [KS58] p.436). We determine obstructedness or unobstructedness in Poisson deformations
for any holomorphic Poisson structure on X . In particular, we show that there exist holomorphic Poisson
structures Λ0 on X such that (X,Λ0) are unobstructed in Poisson deformations. T × P1C provides examples
which are
(1) obstructed in complex deformations, and unobstructed in Poisson deformations.
(2) obstructed in complex deformations, and obstructed in Poisson deformations.
2. Obstructions
2.1. Review of deformations of holomorphic Poisson structures.
We recall the definitions of a Poisson analytic family of deformations of compact holomorphic Poisson
manifolds and the associated Poisson Kodaira-Spencer map (for the detail, see [Kim14]).
Definition 2.1.1. (compare [Kod05] p.59) Suppose that given a domain B ⊂ Cm, there is a set {(Mt,Λt)|t ∈
B} of n-dimensional compact holomorphic Poisson manifolds (Mt,Λt), depending on t = (t1, ..., tm) ∈ B.
We say that {(Mt,Λt)|t ∈ B} is a family of compact holomorphic Poisson manifolds or a Poisson analytic
family of compact holomorphic Poisson manifolds if there exists a holomorphic Poisson manifold (M,Λ) and
a holomorphic map ω :M→ B satisfing the following properties
(1) ω−1(t) is a compact holomorphic Poisson submanifold of (M,Λ) for each t ∈ B.
(2) (Mt,Λt) = ω
−1(t)(Mt has the induced Poisson holomorphic structure Λt from Λ).
(3) The rank of Jacobian of ω is equal to m at every point of M.
We will denote a Poisson analytic family by (M,Λ, B, ω). We also call (M,Λ, B, ω) a Poisson analytic
family of deformations of a compact holomorphic Poisson manifold (Mt0 ,Λt0) for each fixed point t0 ∈ B.
Remark 2.1.2. Given a Poisson analytic family (M,Λ, B, ω) as in Definition 2.1.1, we can choose a
locally finite open covering U = {Uj} of M such that Uj are coordinate polydisks with a system of local
complex coordinates {z1, ..., zj , ...}, where a local coordinate function zj : p → zj(p) on Uj satisfies zj(p) =
(z1j (p), ..., z
n
j (p), t1, ..., tm), and t = (t1, ..., tm) = ω(p). Then for a fixed t0 ∈ B, {p 7→ (z1j (p), ..., znj (p))|Uj ∩
Mt0 6= ∅} gives a system of local complex coordinates on Mt0 . In terms of these coordinates, ω is the
projection given by (zj , t) = (z
1
j , ..., z
n
j , t1, ..., tm) → (t1, ..., tm). For j, k with Uj ∩ Uk 6= ∅, we denote the
coordinate transformations from zk to zj by fjk : (z
1
k, ..., z
n
k , t) → (z1j , ..., znj , t) = fjk(z1k, ..., znk , t)(for the
detail, see [Kod05] p.60).
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On the other hand, since (M,Λ) →֒ (M,Λ) is a holomorphic Poisson submanifold for each t ∈ B and
M = ⋃tMt, the holomorphic Poisson structure Λ on M can be expressed in terms of local coordinates as
Λ =
∑n
α,β=1 g
j
αβ(z
1
j , ..., z
n
j , t)
∂
∂zαj
∧ ∂
∂zβj
on Uj, where gjαβ(zj , t) = gjαβ(z1j , ..., znn , t) is holomorphic with respect
to (zj , t) with g
j
αβ(zj , t) = −gjβα(zj , t). For a fixed t0, the holomorphic Poisson structure Λt0 on Mt0 is given
by
∑n
α,β=1 g
j
αβ(z
1
j , ..., z
n
j , t
0) ∂∂zαj
∧ ∂
∂zβj
on Uj ∩Mt0 .
Remark 2.1.3. Let (M,Λ, B, ω) be a Poisson analytic family. Let ∆ be an open set of B. Then the
restriction (M∆ = ω−1(∆),Λ|M∆ ,∆, ω|M∆) is also a Poisson analytic family. We will denote the family by
(M∆,Λ∆,∆, ω).
Given a Poisson analytic family (M,Λ, B, ω) of deformations of (M,Λ0) = ω−1(0), 0 ∈ B, the infinites-
imal deformations of (M,Λ0) in the Poisson analytic family are encoded in H
1(M,Θ•M ), which is the first
cohomology group of the following complex of sheaves
Θ•M : ΘM
[Λ0,−]−−−−→ ∧2ΘM [Λ0,−]−−−−→ · · · [Λ0,−]−−−−→ ∧nΘM → 0(2.1.4)
where ΘM is the sheaf of germs of holomorphic vector fields on M . We will denote the i-th cohomology
group of the complex of sheave (2.1.4) by Hi(M,Θ•M ). We can compute H
i(M,Θ•M ) by using the double
complex from Cˇech resolution or Dolbeault resolution of Θ•M in the following: here U0 := U ∩M is an open
covering of M , δ is the Cˇech map, and A0,p(M,∧qΘM ) is the global section of sheaf of C∞ p-forms with
coefficients in ∧qΘM .
(2.1.5)
[Λ0,−]
x
C0(U0,∧3ΘM ) −δ−−−−→ · · ·
[Λ0,−]
x [Λ0,−]x
C0(U0,∧2ΘM ) δ−−−−→ C1(U0,∧2ΘM ) −δ−−−−→ · · ·
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
C0(U0,ΘM ) −δ−−−−→ C1(U0,ΘM ) δ−−−−→ C2(U0,ΘM ) −δ−−−−→ · · ·
(2.1.6)
[Λ0,−]
x
A0,0(M,∧3ΘM ) ∂¯−−−−→ · · ·
[Λ0,−]
x [Λ0,−]x
A0,0(M,∧2ΘM ) ∂¯−−−−→ A0,1(M,∧2ΘM ) ∂¯−−−−→ · · ·
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
A0,0(M,ΘM )
∂¯−−−−→ A0,1(M,ΘM ) ∂¯−−−−→ A0,2(M,ΘM ) ∂¯−−−−→ · · ·
Then we can define the Poisson Kodaira-Spencer map at 0 ∈ B which encodes the information of infini-
tesimal Poisson deformations of ω−1(0) = (M,Λ0) in the Poisson analytic family (X,Λ, B, ω) (for the detail,
see [Kim14]).
Definition 2.1.7 (Poisson Kodaira-Spencer map). Let (M,Λ, B, ω) be a Poisson analytic family of deforma-
tions of (M,Λ0) = ω
−1(0), 0 ∈ B, where B is a domain of Cm. As in Remark 2.1.2, let U = {Uj} be an open
covering of M, and (zj , t) a local complex coordinate system on Uj. The Poisson structure Λ is expressed as∑n
α,β=1 g
j
αβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
on Uj where gjαβ(zj , t) is a holomorphic function with gjαβ(zj , t) = −gjβα(zj , t).
For a tangent vector ∂∂t =
∑m
λ=1 cλ
∂
∂tλ
, cλ ∈ C, of B, we put
∂(Mt,Λt)
∂t
|t=0 :=

{ n∑
α=1
∂fαjk(zk, t)
∂t
|t=0 ∂
∂zαj
}, {
n∑
α,β=1
∂gjαβ(zj , t)
∂t
|t=0 ∂
∂zαj
∧ ∂
∂zβj
}

 ∈ C1(U0,ΘM )⊕ C0(U0,∧2ΘM )
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The Poisson Kodaira-Spencer map at 0 ∈ B in the Poisson analytic family (M,Λ, B, ω) is defined to be a
C-linear map by using Cˇech resolution (2.1.5) of Θ•M .
ϕ0 : T0(B)→ H1(M,Θ•M )
∂
∂t
7→ ∂(Mt,Λt)
∂t
|t=0
Remark 2.1.8 (see [Kim14]). Given a Poisson analytic family (M,Λ, B, ω) of deformations of ω−1(0) =
(M,Λ0), 0 ∈ B, for a sufficiently small neighborhood ∆ of 0 ∈ B, the restriction (M∆,Λ∆,∆, ω) is repre-
sented by the convergent power series ϕ(t) in t ∈ ∆ with coefficients in A0,1(M,ΘM ) and the convergent
power series Λ(t) in t ∈ ∆ with coefficients in A0,0(M,∧2ΘM ) such that ϕ(0) = 0,Λ(0) = 0, and
L(ϕ(t) + Λ(t)) +
1
2
[ϕ(t) + Λ(t), ϕ(t) + Λ(t)] = 0, where L = ∂¯ −+[Λ0,−].(2.1.9)
Conversely, let (M,Λ0) be a compact holomorphic Poisson manifold, and ∆ be a neighborhood of 0 ∈ Cm.
Given a convergent power series ϕ(t) in t ∈ ∆ with coefficients in A0,1(M,ΘM ) and a convergent power
series Λ(t) in t ∈ ∆ with coefficients in A0,0(M,∧2ΘM ) such that ϕ(0) = 0,Λ(0) = 0 and satisfy (2.1.9).
(ϕ(t),Λ(t)) defines a Poisson analytic family (M,Λ,∆, ω) of deformations of (M,Λ0) = ω−1(0). In this case,
the associated Poisson Kodaira-Spencer map at t = 0 is described in the following way by using Daulbeault
resolution (2.1.6) of Θ•M .
ϕ0 : T0∆→ H1(M,Θ•M )(2.1.10)
∂
∂t
7→
(
∂ϕ(t)
∂t
|t=0, ∂Λ(t)
∂t
|t=0
)
2.2. Description of obstructed elements in Cˇech Resolution of Θ•M .
Based on the previous section, now we consider our main topic in this paper: obstructedness or unob-
structedness of compact holomorphic Poisson manifolds in Poisson deformations.
Definition 2.2.1. We say that a compact holomorphic Poisson manifold (M,Λ0) is unobstructed if there is
a Poisson analytic family (M,Λ, B, ω) of deformations of ω−1(0) = (M,Λ0), 0 ∈ B such that the Poisson
Kodaira-Spencer map ϕ0 : T0B → H1(M,Θ•M ) is an isomorphism at 0 ∈ B. Otherwise, we say that (M,Λ0)
is obstructed in Poisson deformations.
Remark 2.2.2. We note that by theorem of existence for deformations of holomorphic Poisson structures
(see [Kim14]), if a compact holomorphic Poisson manifold (M,Λ0) satisfies H
2(M,Θ•M ) = 0, there is a
Poisson analytic family (M,Λ, B, ω) such that ω−1(0) = (M,Λ0), 0 ∈ B and the Poisson Kodaira-Spence
map is an isomorphism at 0 ∈ B so that (M,Λ0) is unobstructed in Poisson deformaitons.
Example 1. Let (M,Λ0) be any Poisson Del Pezzo surface. Then H
2(M,Θ•M ) = 0 (see [HX11]) so that
(M,Λ0) is unobstructed in Poisson deformations.
Example 2. Let (M,Λ0) be any Poisson K3 surface. Since H
1(M,∧2ΘX) = H2(M,ΘM ) = 0, we have
H2(M,Θ•M ) = 0 so that (M,Λ0) is unobstructed in Poisson deformations.
Example 3 (compare [Kod05] p.230-232). Let (z1, ..., zn) be a complex coordinate of Cn. Let (M,Λ0) be a
Poisson complex torus of dimension n defined by the period matrix of the form


a11 · · · a1n
· · · · · · · · ·
a1n · · · ann
1 · · · 0
· · · · · · · · ·
0 · · · 1


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and Poisson structure Λ0 =
∑
1≤α<β≤n bαβ
∂
∂zα ∧ ∂∂zβ , bαβ ∈ C on M . Let us consider the spectral sequence
associated with the double complex (2.1.6). At E1, we have
(2.2.3)
H0(M,∧3ΘM )H1(M,∧3ΘM )H2(M,∧3ΘM )
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
H0(M,∧2ΘM )H1(M,∧2ΘM )H2(M,∧2ΘM )
[Λ0,−]
x [Λ0,−]x [Λ0,−]x
H0(M,ΘM ) H
1(M,ΘM ) H
2(M,ΘM )
Since [Λ0,−] is the zero map, we have
H
1(M,Θ•M )
∼= H0(M,∧2ΘM )⊕H1(M,ΘM )
so that dimC H
1(M,Θ•M ) = n
2 +
(
n
2
)
. We show that (M,Λ0) is unobstructed by constructing a complete
Poisson analytic family of deformations of (M,Λ0) such that the Poisson Kodaira-Spencer map is an iso-
morphism.
Let (M,Λ) be a Poisson complex torus of dimension n with the period matrix of the from

t11 · · · t1n
· · · · · · · · ·
t1n · · · tnn
1 · · · 0
· · · · · · · · ·
0 · · · 1


with Poisson structure Λ =
∑
1≤α<β<n vαβ
∂
∂zα ∧ ∂∂zβ .
Put t = (tβα)α,β=1,...,n, v = (vαβ)1≤α<β≤n, and write (Mt,Λv) for (M,Λ). Let
ωj(t) = (ω
1
j (t), · · · , ωnj (t))
be the k-th row of the period matrix. Namely
(2.2.4) ωβj (t) =
{
tβj , j = 1, ..., n
δβj−n j = n+ 1, ..., 2n
Then Mt = C
n/Gt where Gt = {
∑2n
j=1mjωj(t)|mj ∈ Z}. Let B = {(t, v) ∈ Cn
2 × C(n2)| det Im t >
0} where Im t = (Im tβα)α,β=1,...,n. Then {Mt|t ∈ B} forms a complex analytic family (M, B, π), where
M = Cn × B/G is the quotient space by G and the projection π : (z, t, v) 7→ (t, v). Here G is the group of
automorphism of Cn ×B consisting of all automorphisms defined by
(z, t)→ (z +
2n∑
j=1
mjωj(t), t, v), mj ∈ Z, j = 1, ..., 2n.
Moreover Λ =
∑n
1≤α<β≤n vαβ
∂
∂zα ∧ ∂∂zβ is invariant under the action G so that (M,Λ, B, π) is a Poisson
analytic family and π−1(t, v) = (Cn× t/Gt,Λv) = (Mt,Λv). Then the Poisson Kodaira-Spencer map at (t, v)
is an isomorphism
ϕ(t,v) : T(t,v)B → H1(Mt,Θ•Mt) ∼= H1(Mt,ΘMt)⊕H0(Mt,∧2ΘMt)(
∂
∂tβα
,
∂
∂vαβ
)
7→
(
∂Mt
∂tβα
,
∂Λv
∂vαβ
)
=
(
n∑
γ=1
uαγdz¯
γ ∂
∂zβ
,
∂
∂zα
∧ ∂
∂zβ
)
(for the definition of uαγ , and the description of
∂Mt
∂tβα
, see [Kod05] p.231− 233.)
As we find an obstructed element θ ∈ H1(M,ΘM ) (see [Kod05] p.209-214) in complex deformations in
order to show that a given compact complex manifold M is obstructed, analogously an one way to determine
obstructedeness of a compact holomorphic Poisson manifold in Poisson deformations is to find an obstructed
element in Poisson deformations as we define in the following way.
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Definition 2.2.5. Let (M,Λ0) be a compact holomorphic Poisson manifold. We say that a ∈ H1(M,Θ•M ) is
an obstructed element in Poisson deformations of (M,Λ0) if there is no Poisson analytic family (M,Λ, B, ω)
of deformations of (M,Λ0) = ω
−1(0), 0 ∈ B such that a ∈ ϕ0(T0(M)) where ϕ0 : T0M → H1(M,Θ•M ) is the
Poisson Kodaira-Spencer map at 0 ∈ B of (M,Λ, B, π).
Hence if there is an obstructed element a ∈ H1(M,Θ•M ) in Poisson deformations, (M,Λ0) is obstructed.
As θ ∈ H1(M,ΘM ) is an obstructed element in complex deformation if [θ, θ] 6= 0 ∈ H2(X,ΘX), we now
describe a condition when a ∈ H1(M,ΘM ) is an obstructed element in Poisson deformations. We extend the
arguments in [Kod05] p.210-214 in the context of a Poisson analytic family.
Let (M,Λ, B, ω) with 0 ∈ B ⊂ C be a Poisson analytic family such that ω−1(0) = (M,Λ0). Take a small
disk ∆ with centre 0 such that 0 ∈ ∆ ⊂ B, and represent (M∆,Λ∆) = ω−1(∆) in the form
(M∆,Λ∆) =
l⋃
j=1
(Uj ×∆,Λj(t))
where each Uj is a Poisson polydisk equipped with the Poisson structure Λj(t) =
∑n
α,β=1 g
j
αβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
with gjβα(zj , t) = −gjαβ(zj , t) and [Λj(t),Λj(t)] = 0, and (zj , t) ∈ Uj ×∆ and (zk, t) ∈ Uk ×∆ are the same
point on M∆ if zαj = fαjk(zk, t) for α = 1, ..., n. Here each fαjk(zk, t) = fαjk(z1k, ..., znk , t) is a holomorphic
Poisson map of z1k, ..., z
n
k , t defined on (Uk ×∆,Λk(t)) ∩ (Uj ×∆,Λj(t)) 6= ∅.
As in Definition 2.1.7, the infinitesimal deformation (θ(t), λ(t)) ∈ ∂(Mt,Λt)∂t ∈ H1(Mt,Θ•t ) is the cohomology
class of the 1-cocycle ({λj(t)}, {θjk(t)}) ∈ C0(Ut,∧2Θt)⊕ C1(Ut,Θt) where Ut = {Uj × t}, the vector field
θjk(t) =
n∑
α=1
θαjk(zk, t)
∂
∂zαj
, where θαjk(zk, t) =
∂fαjk(zk, t)
∂t
, zk = fkj(zj , t),
and the bivector field
λj(t) =
n∑
α,β=1
λjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
, where λjαβ(zj , t) =
∂gjαβ(zj , t)
∂t
On (Uk ×∆) ∩ (Uj ×∆) 6= ∅, we have the equalities
fαik(zk, t) = f
α
ij(fjk(zk, t), t), α = 1, ..., n.(2.2.6)
gjαβ(fjk(zk, t), t) =
n∑
p,q=1
gkpq(zk, t)
∂fαjk(zk, t)
∂zpk
fβjk(zk, t)
∂zqk
, α, β = 1, ..., n(2.2.7)
and on Uj ×∆, we have the equalities
[
n∑
α,β=1
gjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
α,β=1
gjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
] = 0, α, β = 1, ..., n.(2.2.8)
By differentiating both sides of (2.2.6), (2.2.7) and (2.2.8) in t, we have
θαik(zi, t) = θ
α
ij(zi, t) +
n∑
β=1
∂zαi
∂zβj
θβjk(zj , t), α = 1, ..., n.(2.2.9)
λjαβ(zj , t) +
n∑
r=1
∂gjαβ
∂zrj
θrjk(zj , t), α, β = 1, ..., n.(2.2.10)
=
n∑
p,q=1
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
+
n∑
p,q=1
gkpq(zk, t)
∂θαjk(zj , t)
∂zpk
∂fβjk
∂zqk
+
n∑
p,q=1
gkpq(zk, t)
∂fαjk
∂zpk
∂θβjk(zj , t)
∂zqk
=
n∑
p,q=1
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
+
n∑
p,q=1
gjpq(zj , t)
∂θαjk(zj , t)
∂zpj
∂fβjk
∂zqj
+
n∑
p,q=1
gjpq(zj , t)
∂fαjk
∂zpj
∂θβjk(zj , t)
∂zqj
[
n∑
α,β=1
gjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
α,β=1
λjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
] = 0.(2.2.11)
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Next we will take the derivative of (2.2.9), (2.2.10), (2.2.11) in t as functions of z1j , ..., z
n
j , t again. As
in [Kod05] p.211 we sometimes write
(
∂
∂t
)
j
instead of
(
∂
∂t
)
in order to make explicit that ∂∂t denotes the
differentiation of a function of z1j , ..., z
n
j , t with respect to t. On (Uj × ∆) ∩ (Uk × ∆) 6= ∅, we have the
following equalities: ∂∂zα
k
=
∑n
β=1
∂zβj
∂zα
k
∂
∂zβj
, where
∂zβj
∂zα
k
=
∂fβ
jk
(zk,t)
∂zα
k
, and
(
∂
∂t
)
k
=
n∑
s=1
∂f sjk(zk, t)
∂t
∂
∂zsj
+
(
∂
∂t
)
j
=
n∑
s=1
θsjk(zj , t)
∂
∂zsj
+
(
∂
∂t
)
j
⇐⇒
(
∂
∂t
)
j
= −
n∑
s=1
θsjk(zj , t)
∂
∂zsj
+
(
∂
∂t
)
k
(2.2.12)
By taking the derivative (2.2.9) with respect to t, and putting
θ˙ij(t) =
n∑
α=1
θ˙αij(zi, t)
∂
∂zαi
, where θ˙αij(zi, t) =
∂θαij(zi, t)
∂t
we obtain (for the detail, see [Kod05] p.211-213)
θ˙ij(t)− θ˙ik(t) + θ˙jk(t) = [θij(t), θjk(t)](2.2.13)
By taking the derivative (2.2.10) with respect to t, and putting
λ˙j(t) =
n∑
α,β=1
λ˙jαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
, where λ˙jαβ(zj , t) =
∂λjαβ(zj , t)
∂t
,
we obtain
[
n∑
α,β=1
gjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
α,β=1
λ˙jαβ(zj, t)
∂
∂zαj
∧ ∂
∂zβj
]
+ [
n∑
α,β=1
λjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
α,β=1
λjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
] = 0
which is equivalent to
[Λ(t), λ˙j(t)] = −[λj(t), λj(t)](2.2.14)
Lastly we take the derivative of (2.2.10) with respect to t (i.e.
(
∂
∂t
)
j
). Let us consider the left hand side
of (2.2.10).(
∂
∂t
)
j
(
λjαβ(zj , t) +
n∑
r=1
∂gjαβ
∂zrj
θrjk(zj , t)
)
= λ˙jαβ(zj , t) +
n∑
r=1
∂λjαβ
∂zrj
θrjk(zj, t) +
n∑
r=1
∂gjαβ
∂zrj
θ˙rjk(zj , t)(2.2.15)
Let us consider the right hand side of (2.2.10). We take the derivative of each term with respect to t in
the following. We take the derivative of the first term of the right hand side of (2.2.10) with respect to t.
From (2.2.12), we have
(
∂
∂t
)
j
n∑
p,q=1
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
(2.2.16)
= −
n∑
p,q=1
n∑
s=1
θsjk(zj , t)
∂
∂zsj
(
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
)
+
n∑
p,q=1
λ˙kpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
+
n∑
p,q=1
λkpq(zk, t)
∂θαjk
∂zpk
∂fβjk
∂zqk
+
n∑
p,q=1
λkpq(zk, t)
∂fαjk
∂zpk
∂θβjk
∂zqk
We take the derivative of the second term of the right hand side of (2.2.10) with respect to t.
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(
∂
∂t
)
j
n∑
p,q=1
gjpq(zj , t)
∂θαjk(zj , t)
∂zpj
∂fβjk
∂zqj
=
(
∂
∂t
)
j
n∑
p=1
gjpβ(zj , t)
∂θαjk(zj , t)
∂zpj
=
n∑
p=1
λjpβ(zj , t)
∂θαjk
∂zpj
+
n∑
p=1
gjpβ
∂θ˙βjk
∂zpj
(2.2.17)
We take the derivative of the third term of the right hand side of (2.2.10) with respect to t.
(
∂
∂t
)
j
n∑
p,q=1
gjpq(zj , t)
∂fαjk
∂zpj
∂θβjk(zj , t)
∂zqj
=
(
∂
∂t
)
j
n∑
q=1
gjαq(zj , t)
∂θβjk
∂zqj
=
n∑
q=1
λjαq(zj , t)
∂θβjk
∂zqj
+
n∑
q=1
gjαq
∂θ˙βjk
∂zqj
(2.2.18)
Then from (2.2.10), (2.2.15), (2.2.16), (2.2.17) and (2.2.18), we have
n∑
α,β=1
λ˙jαβ
∂
∂zαj
∧ ∂
∂zβj
+
n∑
α,β,r=1
∂λjαβ
∂zrj
θrjk
∂
∂zαj
∧ ∂
∂zβj
+
n∑
α,β,r=1
∂gjαβ
∂zrj
θ˙rjk
∂
∂zαj
∧ ∂
∂zβj
(2.2.19)
=−
n∑
α,β,p,q,s=1
∂
∂zsj
(
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
)
θsjk
∂
∂zαj
∧ ∂
∂zβj
+
n∑
p,q=1
λ˙kpq
∂
∂zpk
∧ ∂
∂zqk
+ 2
n∑
p,q=1
λkpq(zk, t)
∂θαjk
∂zpk
∂fβjk
∂zqk
∂
∂zαj
∧ ∂
∂zβj
+ 2
n∑
α,β,p=1
λjpβ
∂θαjk
∂zpj
∂
∂zαj
∧ ∂
∂zβj
+ 2
n∑
α,β,p=1
gjpβ
∂θ˙αjk
∂zpj
∂
∂zαj
∧ ∂
∂zβj
Lemma 2.2.20. (4.2.13) is equivalent to
λ˙j(t)− λ˙k(t) = [Λ(t), θ˙jk(t)] + [λj(t), θjk(t)] + [λk(t), θjk(t)](2.2.21)
⇐⇒ λ˙k(t)− λ˙j(t) + [Λ(t), θ˙jk(t)] = −[λj(t) + λk(t), θjk(t)](2.2.22)
Proof. We compute each term of (2.2.21). Let us compute
λ˙j(t)− λ˙k(t) =
n∑
α,β=1
λ˙jαβ
∂
∂zαj
∧ ∂
∂zβj
−
n∑
p,q=1
λ˙kpq
∂
∂zpk
∧ ∂
∂zqk
(2.2.23)
Let us compute
[Λ(t), θ˙jk(t)] = [
n∑
α,β=1
gjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
r=1
θ˙rjk(zj , t)
∂
∂zj
](2.2.24)
= 2
n∑
α,β,p=1
gjpβ
∂θ˙αjk
∂zrj
∂
∂zαj
∧ ∂
∂zβj
−
n∑
α,β,r=1
θ˙rjk
∂gjαβ
∂zrj
∂
∂zαj
∧ ∂
∂zβj
Let us compute
[λj(t), θjk(t)] = [
n∑
α,β=1
λjαβ(zj , t)
∂
∂zαj
∧ ∂
∂zβj
,
n∑
r=1
θrjk(zj, t)
∂
∂zrj
](2.2.25)
= 2
n∑
α,β,p=1
λjpβ
∂θαjk
∂zrj
∂
∂zαj
∧ ∂
∂zβj
−
n∑
α,β,r=1
θrjk
∂λjαβ
∂zrj
∂
∂zαj
∧ ∂
∂zβj
Let us compute
[λk(t), θjk(t)] = [
n∑
p,q=1
λkpq(zk, t)
∂
∂zpk
∧ ∂
∂zqk
,
n∑
r=1
θrjk(zj , t)
∂
∂zrj
] = [
n∑
α,β,p,q=1
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
∂
∂zαj
∧ ∂
∂zβj
,
n∑
r=1
θrjk(zj , t)
∂
∂zrj
]
(2.2.26)
= 2
n∑
α,β,p,q=1
λkpq(zk, t)
∂θαjk
∂zpk
∂fβjk
∂zqk
∂
∂zαj
∧ ∂
∂zβj
−
n∑
α,β,p,q,r=1
θrjk
∂
∂zrj
(
λkpq(zk, t)
∂fαjk
∂zpk
∂fβjk
∂zqk
)
∂
∂zαj
∧ ∂
∂zβj
OBSTRUCTED AND UNOBSTRUCTED POISSON DEFORMATIONS 9
By considering (2.2.19), (2.2.23), (2.2.24), (2.2.25), (2.2.26), we get (2.2.21).

From (2.2.13), (2.2.14) and (2.2.22), and substituting t = 0, we obtain
θ˙ij(0)− θ˙ik(0) + θ˙jk(0) = [θij(0), θjk(0)]
λ˙k(0)− λ˙j(0) + [Λ0, θ˙jk(0)] = −[λj(0) + λk(0), θjk(0)](2.2.27)
[Λ0, λ˙j(0)] = −[λj(0), λj(0)]
Since (M,Λ0) = (M0,Λ0) by assumption, identifying Uj with Uj × 0, we may consider U = {Uj} as a
finite open covering of M . For a given (λ, θ) ∈ H1(M,Θ•M ), if (θ, λ) =
(
∂(Mt,Λt)
∂t
)
t=0
, where (λ, θ) is the
cohomology class of the 1-cocycle ({λj(0)}, {θjk(0)}) ∈ C0(U ,∧2ΘM ) ⊕ C1(U ,ΘM ) as above, then (2.2.27)
imposes a certain restriction on such (λ, θ).
Lemma 2.2.28. For any 1-cocycle ({λj}, {θjk}) ∈ C0(U ,∧2ΘM ) ⊕ C1(U ,ΘM ) of Θ•M so that [Λ0, λj ] =
0, λk − λj + [Λ0, θjk] = 0 and θjk − θik + θij = 0,
({γj := −[λj , λj ]}, {ηjk := −[λj + λk, θjk]}, {ξijk := [θij , θjk]}) ∈ C0(U ,∧3ΘM )⊕ C1(U ,∧2ΘM )⊕ C2(U ,ΘM )
defines a 2-cocycle in Cˇech resolution (2.1.5) of Θ•M .
Proof. First we note that on Ui ∩ Uj ∩ Uk 6= ∅, ξikj = −ξijk = ξjik and on Uh ∩ Uj ∩ Uj ∩ Uk 6= ∅,
ξijk − ξhjk + ξhik − ξhij = 0 (for the detail, see [Kod05] p.213). Next we note that [Λ0, {γj}] = 0, ηkj =
−[λk + λj , θkj ] = [λj + λk, θjk] = −ηjk, and
−δ({γj}) + [Λ0, {ηjk}] =− δ({−[λj , λj ]}) + [Λ0, {−[λj + λk, θjk]}]
= {[λk, λk]− [λj , λj ]− [Λ0, [λj , θjk]]− [Λ0, [λk, θjk]]}
= {[λk, λk]− [λj , λj ]− (−1)9[λj , [Λ0, θjk]]− (−1)9[λk, [Λ0, θjk]]}
= {[λk, λk]− [λj , λj ] + [λj , λj − λk] + [λk, λj − λk]} = 0
Lastly we note that
−δ({ηjk}) + [Λ0, {ξijk}] =− δ({−[λj + λk, θjk]}) + [Λ0, {[θij , θjk]}]
= {[λj + λk, θjk]− [λi + λk, θik] + [λi + λj , θij ] + [[Λ0, θij ], θjk] + [θij , [Λ0, θjk]]}
= {[λj + λk, θjk]− [λi + λk, θik] + [λi + λj , θij ] + [λi − λj , θjk] + [θij , λj − λk]}
= {[λk, θjk]− [λi, θik]− [λk, θik] + [λi, θij ] + [λi, θjk] + [λk, θij ]} = 0

Then from (2.2.27) which is equivalent to
[Λ0, {λ˙j(0)}] = {−[λj(0), λj(0)]}, δ(λ˙j(0)) + [Λ0, {θ˙jk}] = {−[λj(0) + λk(0), θjk(0)]}, δ({θ˙jk}) = {[θij(0), θjk(0)]},
we obtain the following theorem.
Theorem 2.2.29. Suppose given a compact holomorphic Poisson manifold (M,Λ0), and (λ, θ) = ({λi}, {θjk}) ∈
H
1(M,Θ•M ). In order that there may exist a Poisson analytic family (M,Λ, B, ω) such that ω−1(0) =
(M,Λ0), and that
(
∂(Mt,Λt)
∂t
)
t=0
= (θ, λ), it is necessary that
({−[λj , λj ]}, {−[λj + λk, θjk]}, {[θij , θjk]}) ∈ C0(U ,∧3ΘM )⊕ C1(U ,∧2ΘM )⊕ C2(U ,ΘM )
defines the 0 class in H2(M,Θ•M ).
Given (λ, θ) = ({λi}, {θjk}) ∈ H1(M,Θ•M ), if the 2-cocycle ({−[λj , λj ]}, {−[λj + λk, θjk]}, {[θij, θjk]}) is
not 0 in H2(M,Θ•M ), there is no Poisson deformation (Mt,Λt) with (M0,Λ0) = (M,Λ0) and
(
∂(Mt,Λt)
∂t
)
=
(θ, λ).
Example 4. While (P2
C
,Λ0 = 0) is unobstructed in Poisson deformations as in Example 1, (P
3
C
,Λ0 = 0) is
obstructed in Poisson deformations. We note that H1(P3
C
,Θ•
P3
C
) = H0(P3
C
,∧2ΘP3
C
). (P3
C
,Λ0 = 0) is obstructed
in Poisson deformations since there is an element Π ∈ H0(P3
C
,∧2ΘP3
C
) such that [Π,Π] 6= 0.
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2.3. Description of obstructed elements in Dolbeault resolution of Θ•M .
We have simpler description of obstructed elements in Poisson deformations when we use Dolbeault
resolution (2.1.6) of Θ•M . Let (M,Λ0) be a compact holomorphic Poison manifold, and ∆ ⊂ C be a neigh-
borhood of 0. As in Remark 2.1.8, let (Λ(t), ϕ(t)) be convergent power series in t ∈ ∆ with coefficients in
A0,0(M,∧2ΘM )⊕A0,1(M,ΘM ) such that ϕ(0),Λ(0) = 0 and
Lα(t) +
1
2
[α(t), α(t)] = 0, L = ∂¯ −+[Λ0,−](2.3.1)
where α(t) := ϕ(t) + Λ(t) so that α(t) defines a Poisson analytic family (M,Λ,∆, ω) of deformations of
ω−1(0) = (M,Λ0). We will denote
∂nα(t)
∂tn by α
(n)(t). Then by taking the derivative of (2.3.1) with respect
to t, we get
Lα′(t) = −[α(t), α′(t)](2.3.2)
By taking the derivative of (2.3.2) with respect to t, and setting t = 0, we get
Lα′′(0) = −[α(0), α′′(0)]− [α′(0), α′(0)] = −[α′(0), α′(0)]
Hence
[α′(0), α′(0)] = [Λ(0),Λ(0)] + 2[Λ(0), ϕ(0)] + [ϕ(0), ϕ(0)] ∈ A0,0(M,∧2ΘM )⊕A0,1(M,∧2ΘM )⊕A0,2(M,ΘM )
defines 0 class in H2(M,Θ•M ). We can check that if (λ, θ) ∈ A0,0(M,∧2ΘM ) ⊕ A0,1(M,ΘM ) defines an
element in H1(M,Θ•M ) so that [Λ0, λ] = 0, ∂¯λ+ [Λ0, θ] = 0 and ∂¯θ = 0, then [θ+λ, θ+λ] defines an element
in H2(M,Θ•M ). Then we obtain the following theorem.
Theorem 2.3.3. Suppose given a compact holomorphic Poisson manifold (M,Λ0) and (λ, θ) ∈ A0,0(M,∧2ΘM )⊕
A0,1(M,ΘM ) defines an element in H
1(M,Θ•M ). In order that there exist a Poisson analytic family (M,Λ, B, ω)
such that ω−1(0) = (M,Λ0), and
(
∂(Mt,Λt)
∂t
)
t=0
= (θ, λ), it is necessary that
[θ + λ, θ + λ] = [λ, λ] + 2[λ, θ] + [θ, θ] ∈ A0,0(M,∧2ΘM )⊕A0,1(M,∧2ΘM )⊕A0,2(M,ΘM )
define the 0 class in H2(M,Θ•M ).
3. Rational ruled surfaces
In this section, we study Poisson deformations of rational ruled surfaces Fm = P(OP1
C
(m)⊕OP1
C
),m ≥ 0.
It is known that since H2(Fm,ΘFm) = 0, Fm are unobstructed in complex deformations. We determine
obstructedness or unobstructedness in Poisson deformations for any holomorphic Poisson structure on Fm.
We show that F0, F1, F2, F3 are unobstructed in Poisson deformations for any holomorphic Poisson structure.
For m ≥ 4, (Fm,Λ0) have both obstructed and unobstructed Poisson deformations depending on Poisson
structure Λ0. For unobstructed Poisson deformations, we will explicitly give examples of Poisson analytic
families of deformations of (Fm,Λ0) such that the associated Poisson Kodaira-Spencer map is an isomorphism
at the distinguished point.
Remark 3.0.4. We recall that Fm is constructed in the following way: take two copies of Ui × P1C where
Ui = C, i = 1, 2, and write the coordinates as (z, ξ) ∈ U1 × P1C and (z′, ξ′) ∈ U2 × P1C, where z, z′ are the
coordinates of C, respectively and ξ, ξ′ are the inhomogenous coordinates of P1
C
, respectively. Then Fm is
constructed by patching Ui × P1C, i = 1, 2 by the relation z′ = 1z and ξ′ = zmξ.
3.1. Cohomology groups Hi(Fm,∧jΘFm).
We explicitly describe cohomology groups Hi(Fm,∧jΘFm), i = 0, 1, 2, j = 1, 2. In the sequel we keep the
notations in Remark 3.0.4.
3.1.1. Descriptions of H0(Fm,ΘFm).
H0(Fm,ΘFm) are described on U1 × P1C (see [Kod05] p.73-75) in the following way.
g(z)
∂
∂z
+ (a(z) + b(z)ξ + c(z)ξ2)
∂
∂ξ
(3.1.1)
(1) In the case of m = 0, we have g(z) = g0 + g1z + g2z
2, a(z) = a, b(z) = d, and c(z) = c0 so that
H0(F0,ΘF0)
∼= C6.
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(2) In the case of m ≥ 1, we have g(z) = g0 + g1z + g2z2, a(z) = 0, b(z) = −mg2z + d, and c(z) =
c0 + c1z + · · ·+ cmzm so that H0(Fm,ΘFm) ∼= Cm+5.
3.1.2. Descriptions of H1(Fm,ΘFm).
Let U = {U1×P1C, U2×P1C} be the open covering of Fm as in Remark 3.0.4. We can compute Hi(Fm,ΘFm)
by Cˇech resolution of ΘFm by using the open covering U of Fm. Then we have (see [Kod05] p.312)
dimCH
1(Fm,ΘFm) =
{
0, m = 0, 1
m− 1, m ≥ 2.
and for m ≥ 2, the 1-cocycles
1
zk
∂
∂ξ
= z′k
∂
∂ξ
∈ C1(U ,ΘFm), k = 1, ...,m− 1(3.1.2)
forms a basis of H1(Fm,∧2ΘFm).
3.1.3. Holomorphic Poisson structures H0(Fm,∧2ΘFm) on Fm,m ≥ 0.
We describe holomorphic Poisson structures on rational ruled surfaces Fm explicitly. We note that
∂
∂z′ =
−z2 ∂∂z +mzξ ∂∂ξ and ∂∂ξ′ = z−m ∂∂ξ so that ∂∂z′ ∧ ∂∂ξ′ = −z−m+2 ∂∂z ∧ ∂∂ξ . We also note that a holomorphic
bivector field on U1 × P1C is of the form
(d(z) + e(z)ξ + f(z)ξ2)
∂
∂z
∧ ∂
∂ξ
,(3.1.3)
and a holomorphic bivector field on U2 × P1C is of the form
(p(z′) + q(z′)ξ′ + r(z′)ξ′2)
∂
∂z′
∧ ∂
∂ξ′
,(3.1.4)
where d(z), e(z), f(z) are entire functions of z and p(z′), q(z′), r(z′) are entire functions of z′. For a holomor-
phic bivector field on Fm which has the form (3.1.3) on U1 × P1C and, the form (3.1.4) on U2 × P1C, we must
have d(z)+ e(z)ξ+ f(z)ξ2 = −(p(1z )+ q(1z )zmξ+ r(1z )z2mξ2)z−m+2 = −p(1z )z−m+2− q(1z )z2ξ− r(1z )zm+2ξ2
so that
d(z) = −p
(
1
z
)
z−m+2, e(z) = −q
(
1
z
)
z2, f(z) = −r
(
1
z
)
zm+2
(1) In the case of m = 0, we have d(z) = d0 + d1z + d2z
2, e(z) = e0 + e1z + e2z
2, f(z) = f0 + f1z + f2z
2
so that H0(F0,∧2ΘF0) ∼= C9.
(2) In the case of m = 1, we have d(z) = d0 + d1z, e(z) = e0 + e1z + e2z
2, f(z) = f0 + f1z + f2z
2 + f3z
3
so that H0(F1,∧2ΘF1) ∼= C9.
(3) In the case of m = 2, we have d(z) = d0, e(z) = e0+ e1z+ e2z
2, f(z) = f0+ f1z+ f2z
2+ f3z
3+ f4z
4
so that H0(F2,∧2ΘF2) ∼= C9.
(4) In the case of m ≥ 3, we have d(z) = 0, e(z) = e0 + e1z + e2z2, f(z) = f0 + f1z + · · · fm+2zm+2 so
that H0(Fm,∧2ΘFm) ∼= Cm+6.
3.1.4. Descriptions of H1(Fm,∧2ΘFm).
Let U = {U1 × P1C, U2 × P1C} be the open covering of Fm as in Remark 3.0.4. We can compute
Hi(Fm,∧2ΘFm) by Cˇech resolution of ΘFm by using the open covering U of Fm. We represent a 1-cocycle
{Λ12,Λ21} ∈ C1(U ,∧2ΘFm) by the holomorphic bivector fields with Λ12 = −Λ21 on (U1 × P1C) ∩ (U2 × P1C).
Then this 1-cocycle belongs to δC0(U ,∧2ΘFm) if and only if there exist holomorphic bivector field Λ1 and
Λ2 respectively on U1 × P1C and U2 × P1C such that
Λ2 − Λ1 = Λ12
We write Λ1 in the form of (3.1.3) and Λ2 in the form of (3.1.4). We write Λ12 in terms of the coordinates
(z, ξ) :
Λ12 = (α(z) + β(z)ξ + γ(z)ξ
2)
∂
∂z
∧ ∂
∂ξ
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where α(z), β(z), γ(z) are holomorphic functions of z on U1∩U2 = C∗ so that they are expanded into Laurent
series in z. In terms of the coordinates (z, ξ) with z = 1z′ , ξ = z
′mξ′ in place of (z′, ξ′), Λ2 is written in the
form
−
(
p
(
1
z
)
z−m+2 + q
(
1
z
)
z2ξ + r
(
1
z
)
zm+2ξ2
)
∂
∂z
∧ ∂
∂ξ
Hence the equation is reduced to the following system of equations:

−p ( 1z ) z−m+2 − d(z) = α(z)
−q ( 1z ) z2 − e(z) = β(z)
−r ( 1z ) zm+2 − f(z) = γ(z)
In case of m = 0, 1, 2, 3, these equations always have a solution. For m ≥ 4, let α(z) = ∑∞n=−∞ cnzn be
the Laurent expansion of α(z). Then the above equations have a solution if and only if c−1 = c−2 = · · · =
c−(m−3) = 0. Hence we obtain
dimCH
1(Fm,∧2ΘFm) =
{
0, m = 0, 1, 2, 3
m− 3, m ≥ 4.
We note that for m ≥ 4, the 1-cocycles
1
zk
∂
∂z
∧ ∂
∂ξ
= z′k
∂
∂z
∧ ∂
∂ξ
∈ C1(U ,∧2ΘFm), k = 1, ...,m− 3(3.1.5)
forms a basis of H1(Fm,∧2ΘFm).
3.1.5. Descriptions of H2(Fm,ΘFm) and H
2(Fm,∧2ΘFm).
We have H2(Fm,ΘFm) = 0 for any m ≥ 0 (see [Kod05] p.312), and similarly we can show that
H2(Fm,∧2ΘFm) = 0 for any m ≥ 0.
Lemma 3.1.6. Let (Fm,Λ0),m ≥ 0 be a Poisson rational ruled surface. Then
H
0(Fm,Θ
•
Fm)
∼= ker(H0(Fm,ΘFm)
[Λ0,−]−−−−→ H0(Fm,∧2ΘFm))
H
1(Fm,Θ
•
Fm)
∼= coker(H0(Fm,ΘFm)
[Λ0,−]−−−−→ H0(Fm,∧2ΘFm))⊕ ker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm))
H
2(Fm,Θ
•
Fm)
∼= coker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm))
Let U = (U1 × P1C, U2 × P1C) be the open covering of Fm as in Remark 3.0.4. Then (Fm,Λ0) is obstructed
in Poisson deformations if for some a, b where a ∈ H0(Fm,∧2ΘFm), and b ∈ C1(U ,ΘFm) which defines an
element in ker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm)), under the following map
[−,−] : H0(Fm,∧2ΘFm)×H1(Fm,ΘFm)→ H1(Fm,∧2ΘFm)
[a, b] ∈ H1(Fm,∧2ΘFm) is not in the image of H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm).
Proof. We can compute Hi(Fm,Θ
•
Fm
) by using the following Cˇech resolution of Θ•Fm . By considering the
spectral sequence associated with the double complex (2.1.5) and H2(Fm,ΘFm) = 0, we get the first claim.
Let us prove the second claim. Assume that (Fm,Λ0) is unobstructed in Poisson deformations. Choose
any element a, and b = {bjk} where a ∈ H0(Fm,∧2ΘFm), and b = {bjk} ∈ C1(U ,ΘFm) which is in
ker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm)). Then there exists {ci} ∈ C0(U ,∧2ΘFm) such that ck − cj +
[Λ0, bjk] = 0. We note that ({ci}, {bjk}) and ({ci+a}, {bjk}) define elements in H1(Fm,Θ•Fm). Since (Fm,Λ0)
is unobstructed,
(0, {−[cj + ck, bjk]}, {[bij, bjk]}), (0, {−[cj + ck + 2a, bjk]}, {[bij, bjk]})
define the 0 class in H2(Fm,∧2ΘFm). Hence there exist ({di}, {ejk}) and ({d′i}, {e′jk}) ∈ C0(U ,∧2ΘFm) ⊕
C1(U ,ΘFm) such that δ({di})+[Λ0, {ejk}] = {−[cj+ck, bjk]} and δ({d′i})+[Λ0, {e′jk}] = {−[cj+ck+2a, bjk]},
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and we have δ({ejk}) = {[bij , bjk]} and δ({e′jk}) = {[bij , bjk]} so that {ejk − e′jk} ∈ C1(U ,ΘFm) defines an
element in H1(Fm,ΘFm). Then we have
δ({1
2
(di − d′i)}) + [Λ0, {
1
2
(ejk − e′jk)}] = {[a, bjk]}
Hence {[a, bjk]} and [Λ0, { 12 (ejk − e′jk)}] define the same class in H1(Fm,∧2ΘFm) so that {[a, bjk]} ∈
H1(Fm,∧2ΘFm) is in the image of H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm).

3.2. Obstructedness or unobstructedness of Fm in Poisson deformations.
In this subsection, we determine the obstructedness or unobstructedness of Poisson rational ruled surfaces
(Fm,Λ0). In the case of unobstructed (Fm,Λ0) in Poisson deformations, we prove the unobstructednss by
showing that H2(Fm,Θ
•
Fm
) = 0, and we show that if H2(Fm,Θ
•
Fm
) 6= 0, (Fm,Λ0) is obstructed in Poisson
deformations.
3.2.1. Computation of H2(Fm,Θ
•
Fm
).
We note that for a Poisson rational ruled surface (Fm,Λ0), we haveH
2(Fm,Θ
•
Fm
) ∼= coker(H1(Fm,ΘFm)
[Λ0,−]−−−−→
H1(Fm,∧2ΘFm)) by Lemma 3.1.6. Hence if H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm) is surjective, we have
H2(Fm,Θ
•
Fm
) = 0 so that (Fm,Λ0) is unobstructed in Poisson deformations. Now we identify the condition
when H2(Fm,Θ
•
Fm
) = 0.
First we note that H1(Fm,∧2ΘFm) = 0 for m = 0, 1, 2, 3 so that H2(Fm,Θ•Fm) = 0 and so (Fm,Λ0) are
unobstructed in Poisson deformations for any Poisson structure Λ0 on Fm, where m = 0, 1, 2, 3.
Now assume that m ≥ 4. Let us describe H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm) by using (3.1.3), (3.1.2)
and (3.1.5) in general. Let (Fm,Λ0 = (e(z)ξ + f(z)ξ
2) ∂∂z ∧ ∂∂ξ ) be a Poisson rational ruled surface. Then we
have
[Λ0,
(α1
z
+
α2
z
+ · · ·+ αm−1
zm−1
) ∂
∂ξ
] = [(e(z)ξ + f(z)ξ2)
∂
∂z
∧ ∂
∂ξ
,
(α1
z
+
α2
z
+ · · ·+ αm−1
zm−1
) ∂
∂ξ
]
= [(e(z)ξ + f(z)ξ2)
∂
∂z
,
(α1
z
+
α2
z2
+ · · ·+ αm−1
zm−1
) ∂
∂ξ
] ∧ ∂
∂ξ
= −
(α1
z
+
α2
z2
+ · · ·+ αm−1
zm−1
)
(e(z) + 2f(z)ξ)
∂
∂z
∧ ∂
∂ξ
≡ −
(α1
z
+
α2
z2
+ · · ·+ αm−1
zm−1
)
e(z)
∂
∂z
∧ ∂
∂ξ
= −
(α1
z
+
α2
z2
+ · · ·+ αm−1
zm−1
)
(e0 + e1z + e2z
2)
∂
∂z
∧ ∂
∂ξ
≡ −
(
α1e0 + α2e1 + α3e2
z
+
α2e0 + α3e1 + α4e2
z2
+
α3e0 + α4e1 + α5e2
z3
+ · · ·+ αm−3e0 + αm−2e1 + αm−1e2
zm−3
)
∂
∂z
∧ ∂
∂ξ
Here a ≡ b means that a and b represent the same cohomology class in H1(Fm,∧2ΘFm).
We represent our computation in the following matrix form with respect to bases (3.1.2) and (3.1.5).

e0 e1 e2
e0 e1 e2
e0 e1 e2
· · · · · · · · ·
e0 e1 e2




α1
α2
α3
· · ·
αm−1

 = −


α1e0 + α2e1 + α3e2
α2e0 + α3e1 + α4e2
α3e0 + α4e1 + α5e2
· · ·
αm−3e0 + αm−2e1 + αm−1e2


We note that if (e0, e1, e2) 6= 0, H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm) is surjective so that H2(Fm,Θ•Fm) = 0.
Hence (Fm,Λ0 = (e(z)ξ+f(z)ξ
2) ∂∂z ∧ ∂∂ξ ) are unobstructed in Poisson deformations when e(z) 6= 0 form ≥ 4.
On the other hand, assume that (e0, e1, e2) = 0. Then H
1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm) is zero map
so that H2(Fm,Θ
•
Fm
) ∼= H1(Fm,∧2ΘFm). Hence dimC H2(Fm,Θ•Fm) = m−3 form ≥ 4. In this case, we show
that (Fm,Λ0 = f(z)ξ
2 ∂
∂z ∧ ∂∂ξ ) in (3.1.3) are obstructed in Poisson deformations for m ≥ 4. Indeed, choose
ξ ∂∂z ∧ ∂∂ξ ∈ H0(Fm,∧2ΘFm), and choose 1z ∂∂ξ ∈ H1(Fm,ΘFm) = ker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm)).
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rational ruled surface Fm Poisson structure dimC H
2(Fm,Θ
•
Fm
) obstructedness in Poisson deformations
F0 any Poisson structure 0 unobstructed
F1 any Poisson structure 0 unobstructed
F2 any Poisson structure 0 unobstructed
F3 any Poisson structure 0 unobstructed
Fm,m ≥ 4 e(z) 6= 0 in (3.1.3) 0 unobstructed
Fm,m ≥ 4 e(z) = 0 in (3.1.3) m− 3 obstructed
Table 1. obstructed and unobstructedness of Poisson rational ruled surfaces
Then
[ξ
∂
∂z
∧ ∂
∂ξ
,
1
z
∂
∂ξ
] = −1
z
∂
∂z
∧ ∂
∂ξ
6= 0 ∈ H1(Fm,∧2ΘFm).
which is not in the image of H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm) since [Λ0 = f(z)ξ2 ∂∂z ∧ ∂∂ξ ,−] is the zero
map. Hence by Lemma 3.1.6, (Fm,Λ0 = f(z)ξ
2 ∂
∂z ∧ ∂∂ξ ) are obstructed in Poisson deformations for m ≥ 4.
We summarize our discussion in Table 1.
3.3. Descriptions of H1(Fm,Θ
•
Fm
) for unobstructed (Fm,Λ0) in Poisson deformations.
In this subsection, we explicitly give examples of Poisson analytic families of deformations of (Fm,Λ0)
such that the Poisson Kodaira-Spencer map is an isomorphism at the distinguished point. First we need to
compute H1(Fm,Θ
•
Fm
). We note that by Lemma 3.1.6,
H
1(Fm,Θ
•
Fm)
∼= coker(H0(Fm,ΘFm)
[Λ0,−]−−−−→ H0(Fm,∧2ΘFm))⊕ ker(H1(Fm,ΘFm)
[Λ0,−]−−−−→ H1(Fm,∧2ΘFm))
We describe H0(Fm,ΘFm)
[Λ0,−]−−−−→ H0(Fm,∧2ΘFm),m ≥ 1 by using (3.1.1) and (3.1.3).
[(d(z) + e(z)ξ + f(z)ξ2)
∂
∂z
∧
∂
∂ξ
, g(z)
∂
∂z
+ (b(z)ξ + c(z)ξ2)
∂
∂ξ
] = (A(z) +B(z)ξ + C(z)ξ2)
∂
∂z
∧
∂
∂ξ
where
A(z) : = d(z)g′(z)− g(z)d′(z) + d(z)b(z)
B(z) : = e(z)g′(z)− g(z)e′(z) + 2d(z)c(z)(3.3.1)
C(z) : = f(z)g′(z)− g(z)f ′(z) + c(z)e(z)− b(z)f(z)
Example 5. Let us consider (F2,Λ0 = 0). Since dimC H
2(F2,Θ
•
F2
) = 0, it is unobstructed in Poisson
deformations. We will describe a Poisson analytic family of deformations of (F2,Λ0 = 0) such that the Pois-
son Kodaira-Spencer map is an isomorphism at the distinguished point. We note that dimCH
1(F2,Θ
•
F2
) =
dimCH
0(F2,∧2ΘF2) ⊕H1(F2,ΘF2) = 9 + 1 = 10, and from (3.1.2), 1z ∂∂ξ = z ∂∂ξ′ is a basis of H1(F2,ΘF2).
Let us consider a complex analytic family (F ,C10, ω) of deformations of F2 = ω−1(0) defined by patching
Ui × P1C × C10, i = 1, 2, (t1, ..., t10) ∈ C10
(z′, ξ′) =
(
1
z
, z2ξ + t1z
)
where ω : F → C10 is the natural projection. Then the Kodaira-Spencer map is described by ∂∂t1 7→ z ∂∂ξ′ =
1
z
∂
∂ξ , and
∂
∂ti
7→ 0 otherwise. We will put a Poisson structure Λ on F such that (F ,Λ,C10, ω) is the desired
Poisson analytic family.
From (3), let us consider a holomorphic bivector field on U1 × P1C × C10
Π = (t2 + (t3 + t4z + t5z
2)ξ + (t6 + t7z + t8z
2 + t9z
3 + t10z
4)ξ2)
∂
∂z
∧ ∂
∂ξ
(3.3.2)
OBSTRUCTED AND UNOBSTRUCTED POISSON DEFORMATIONS 15
Since z′ = 1z and ξ =
ξ′−t1z
z2 = z
′2ξ′ − t1z′, and ∂∂z ∧ ∂∂ξ = − ∂∂z′ ∧ ∂∂ξ′ , Π is translated on U2 × P1C × C10
into
(
t2 +
(
t3 +
t4
z′
+
t5
z′2
)
(z′2ξ′ − t1z′) +
(
t6 +
t7
z′
+
t8
z′2
+
t9
z′3
+
t10
z′4
)
(z′4ξ′2 − 2t1z′3ξ′ + t21z′2)
)(
− ∂
∂z′
∧ ∂
∂ξ′
)(3.3.3)
which is not holomorphic. We will modify (3.3.2) to define a global bivector field on F . Consider the rational
part of (3.3.3) (
− t1t5
z′
+
t21t9
z′
− 2 t1t10ξ
′
z′
+
t21t10
z′2
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
Then Λ := F (z, ξ, t) ∂∂z ∧ ∂∂ξ defines the Poisson structure on F , where F (z, ξ, t) is defined by
t2 + (t3 + t4z + t5z
2)ξ + (t6 + t7z + t8z
2 + t9z
3 + t10z
4)ξ2 + t1t5z − t21t9z + 2t1t10z(z2ξ + t1z)− t21t10z2
and (F ,Λ,C10, ω) is a Poisson analytic family of deformations of (F2,Λ0 = 0) = ω−1(0) such that the
Poisson Kodaria-Spencer map is an isomorphism at t = 0.
Example 6. Let us consider (F3,Λ0 = 0). Since dimC H
2(F3,Θ
•
F3
) = 0, it is unobstructed in Poisson
deformations. We will explicitly construct a Poisson analytic family of deformations of (F3,Λ0 = 0)
such that the Poisson Kodaira-Spencer map is an isomorphism at the distinguished point. We note that
dimC H
1(F3,Θ
•
F3
) = dimCH
0(F3,∧2ΘF3)⊕H1(F3,ΘF3) = 9+2 = 11, and from (3.1.2), 1z ∂∂ξ = z2 ∂∂ξ′ , 1z2 ∂∂ξ =
z ∂∂ξ′ is a basis of H
1(F2,ΘF2). Let us consider a complex analytic family (F ,C11, ω) of deformations of
F3 = ω
−1(0) defined by patching Ui × P1C × C11, i = 1, 2, (t1, ..., t11) ∈ C11 by the relation
(z′, ξ′) =
(
1
z
, z3ξ + t1z + t2z
2
)
where ω : F → C11 is the natural projection. Then the Kodaira-Spencer map is described by ∂∂t1 7→ z ∂∂ξ′ =
1
z2
∂
∂ξ and
∂
∂t2
7→ z2 ∂∂ξ′ = 1z ∂∂ξ . We will put a Poisson structure Λ on F such that (F ,Λ,C11, ω) is the desired
Poisson analytic family.
From (4), let us consider a holomorphic bivector field on U1 × P1C × C9
Π = ((t3 + t4z + t5z
2)ξ + (t6 + t7z + t8z
2 + t9z
3 + t10z
4 + t11z
5)ξ2)
∂
∂z
∧ ∂
∂ξ
(3.3.4)
Since z′ = 1z and ξ =
ξ′−t1z−t2z
2
z3 = ξ
′z′3 − t1z′2 − t2z′, ∂∂z ∧ ∂∂ξ = − 1z′ ∂∂z′ ∧ ∂∂ξ′ , and
(z′3ξ′ − t1z′2 − t2z′)2 = z′6ξ′2 + t21z′4 + t22z′2 − 2t1z′5ξ′ − 2t2z′4ξ′ + 2t1t2z′3,
Π is translated on U2 × P1C × C11 into
((
t3 +
t4
z′
+
t5
z′2
)
(z′2ξ′ − t1z′ − t2)
)(
− ∂
∂z′
∧ ∂
∂ξ′
)(3.3.5)
+
((
t6 +
t7
z′
+
t8
z′2
+
t9
z′3
+
t10
z′4
+
t11
z′5
)
(z′5ξ′2 + t21z
′3 + t22z
′ − 2t1z′4ξ′ − 2t2z′3ξ′ + 2t1t2z′2)
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
which is not holomorphic. We will modify (3.3.4) to define a global bivector field on F . Let us consider the
rational part of (3.3.5).
(
−
t2t4
z′
−
t1t5
z′
−
t2t5
z′2
)(
−
∂
∂z′
∧
∂
∂ξ′
)
+
(
t8t
2
2
z′
+
t9t
2
2
z′2
+ 2
t9t1t2
z′
+
t10t
2
1
z′
+
t10t
2
2
z′3
− 2
t10t2ξ
′
z′
+ 2
t10t1t2
z′2
+
t11t
2
1
z′2
+
t11t
2
2
z′4
− 2
t11t1ξ
′
z′
− 2
t11t2ξ
′
z′2
+ 2
t11t1t2
z′3
)(
−
∂
∂z′
∧
∂
∂w′
)
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Then Λ := F (z, ξ, t) ∂∂z ∧ ∂∂ξ defines the Poisson structure on F , where
F (z, ξ, t) = (t3 + t4z + t5z
2)ξ + (t6 + t7z + t8z
2 + t9z
3 + t10z
4 + t11z
5)ξ2
− (−t2t4 − t1t5 + t8t22 + 2t1t2t9 + t21t10)− (−t2t5 + t9t22 + 2t1t2t10 + t21t11)z − (t10t22 + 2t1t2t11)z2 + t11t22z3
+ 2(t2t10 + t1t11 + t2t11z)(z
2ξ + t1z + t2z
2)
and (F ,Λ,C10, ω) is a Poisson analytic family of deformations of (F3,Λ0 = 0) = ω−1(0) such that the
Poisson Kodaira-Spencer map is an isomorphism at t = 0.
Example 7. Let us consider (F4,Λ0 = (zξ + zξ
2) ∂∂z ∧ ∂∂ξ ). Since e(z) = z 6= 0 in (3.1.3) so that
dimC H
2(F4,Θ
•
F4
) = 0 by Table 1, it is unobstructed in Poisson deformations. We will explicitly con-
struct a Poisson analytic family of deformations of (F4,Λ0) such that the Poisson Kodaira-Spencer map
is an isomorphism at the distinguished point. We describe H1(F4,Θ
•
F4
). Let us find ker(H1(F4,ΘF4)
[Λ0,−]−−−−→
H1(F4,∧2ΘF4)). From (3.1.2), since
[(zξ + zξ2)
∂
∂z
∧ ∂
∂ξ
,
(
b1
z
+
b2
z2
+
b3
z3
)
∂
∂ξ
] ≡ −
(
b1
z
+
b2
z2
+
b3
z3
)
(z + 2zξ)
∂
∂z
∧ ∂
∂ξ
≡ −b2
z
∂
∂z
∧ ∂
∂ξ
so that 1z
∂
∂ξ = z
3 ∂
∂ξ′ and
1
z3
∂
∂ξ = z
∂
∂ξ′ is a basis of ker(H
1(F4,ΘF4)
[Λ0,−]−−−−→ H1(F4,∧2ΘF4)). Let us find
coker(H0(F4,ΘF4)
[Λ0,−]−−−−→ H0(F4,∧2ΘF4)). Since d(z) = 0, e(z) = z, f(z) = z in (3.3.1), and we have
(3.1.1),
(e(z)g′(z)− g(z)e′(z))ξ + (f(z)g′(z)− g(z)f ′(z) + c(z)e(z)− b(z)f(z))ξ2
= (z(g1 + 2g2z)− (g0 + g1z + g2z2))ξ + (z(g1 + 2g2z)− (g0 + g1z + g2z2) + z(c0 + c1z + · · ·+ c4z4)− z(−4g2z + d))ξ2
= (−g0 + g2z2)ξ + (−g0 + (c0 − d)z + (5g2 + c1)z2 + c2z3 + c3z4 + c4z5)ξ2
so that ξ ∂∂z ∧ ∂∂ξ , zξ ∂∂z ∧ ∂∂ξ , z6ξ2 ∂∂z ∧ ∂∂ξ is a basis of coker(H0(F4,ΘF4)
[Λ0,−]−−−−→ H2(F4,∧2ΘF4)). Hence
H1(F4,Θ
•
F4
) ∼= coker(H0(F4,ΘF4)
[Λ0,−]−−−−→ H2(F4,∧2ΘF4)) ⊕ ker(H1(F4,ΘF4)
[Λ0,−]−−−−→ H1(F4,∧2ΘF4)) is
generated by
H
1(F4,Θ
•
F4)
∼=
〈
ξ
∂
∂z
∧ ∂
∂ξ
, zξ
∂
∂z
∧ ∂
∂ξ
, z6ξ2
∂
∂z
∧ ∂
∂ξ
〉
⊕
〈
z
∂
∂ξ′
, z3
∂
∂ξ′
〉
(3.3.6)
We will construct a Poisson analytic family such that the Poisson Kodaira-Spencer map is an isomorphism
at the distinguished point by using the basis (3.3.6) which forms a linear part. From (3.3.6), let us consider
a complex analytic family defined by patching Ui × P1C × C5, i = 1, 2, (t1, ..., t5) ∈ C5 by the relation
(z′, ξ′) =
(
1
z
, z4ξ + t1z + t2z
3
)
(3.3.7)
We note that since ∂∂z ∧ ∂∂w = − 1z′2 ∂∂z′ ∧ ∂∂w′ ,
[(zξ + zξ2)
∂
∂z
∧ ∂
∂ξ
,
1
z
∂
∂ξ
] = − (1 + 2ξ) ∂
∂z
∧ ∂
∂ξ
[(zξ + zξ2)
∂
∂z
∧ ∂
∂ξ
,
1
z3
∂
∂ξ
] = − 1
z2
(1 + 2ξ)
∂
∂z
∧ ∂
∂ξ
= (1 + 2z′4ξ′)
∂
∂z′
∧ ∂
∂ξ′
Then (((1 + 2ξ) ∂∂z ∧ ∂∂ξ , 0), 1z ∂∂ξ ) and ((0, (1 + 2z′4ξ′)) ∂∂z′ ∧ ∂∂ξ′ ), 1z3 ∂∂ξ ) ∈ C0(U ,∧2ΘF4)⊕C1(U ,ΘF4) defines
element in H1(F4,Θ
•
F4
). Let us consider a holomorphic bivector field on U1 × P1C × C5
Π = (t2 + (2t2 + t3 + z + t4z)ξ + (z + t5z
6)ξ2)
∂
∂z
∧ ∂
∂ξ
(3.3.8)
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Since ξ = z′4ξ′− t1z′3− t2z′, and (z′4ξ′− t1z′3− t2z′)2 = z′8ξ′2+ t21z′6+ t22z′2− 2t1z′7ξ′− 2t2z′5ξ′+2t1t2z′4,
Π is translated on U2 × P1C × C5 into(
t2
z′2
+
(
2t2 + t3 +
1
z′
+
t4
z′
)
(z′2ξ′ − t1z′ − t2
z′
)
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
(3.3.9)
+
(
1
z′
+
t5
z′6
)
(z′6ξ′2 + t21z
′4 + t22 − 2t1z′5ξ′ − 2t2z′3ξ′ + 2t1t2z′2)
(
− ∂
∂z′
∧ ∂
∂ξ′
)
which is not holomorphic. We note that for k ≥ 2, 1
z′k
∂
∂z′ ∧ ∂∂ξ′ is translated into zk−2 ∂∂z ∧ ∂∂ξ which is
holomorphic. So we consider the 1z′ part of (3.3.9) which is given by(
−2 t
2
2
z′
− t2t3
z′
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
+
t22
z′
(
− ∂
∂z′
∧ ∂
∂ξ′
)
We will modify (3.3.7) and (3.3.8) so that 1z′ part does not appear on U2 × P1C × C5. Let us consider a
complex analytic family (F ,C5, ω) defined by patching Ui × P1C × C5, i = 1, 2 by the relation
(z′, ξ′) =
(
1
z
, z4ξ + t1z + t2z
3 − (t22 + t2t3)z2
)
where ω : F → C5 is the natural projection, and consider a holomorphic bivector field on U1 × P1C × C5
Π′ = (t2 + (2t2 + t3 + z + t4z + t3t4 + t2t4)ξ + (z + t5z
6)ξ2)
∂
∂z
∧ ∂
∂ξ
Since ξ = z′4ξ′ − t1z′3 − t2z′ + (t22 + t2t3)z′2, and
(z′4ξ′ − t1z′3 − t2z′ + (t22 + t2t3)z′2)2
= z′8ξ′2 + t21z
′6 + t22z
′2 + (t22 + t2t3)
2z′4 − 2t1z′7ξ′ − 2t2z′5ξ′ + (t22 + t2t3)z′6ξ′ + 2t1t2z′4
− 2t1(t22 + t2t3)z′5 − 2t2(t22 + t2t3)z′3
Π′ is translated on U2 × P1C × C5 into(
t2
z′2
+
(
2t2 + t3 +
1
z′
+
t4
z′
+ t3t4 + t2t4
)(
z′2ξ′ − t1z
′ −
t2
z′
+ t22 + t2t3
))(
−
∂
∂z′
∧
∂
∂ξ′
)
(3.3.10)
+
(
1
z′
+
t5
z′6
)
(z′6ξ′2 + t21z
′4 + t22 + (t
2
2 + t2t3)
2z′2 − 2t1z
′5ξ′ − 2t2z
′3ξ′ + (t22 + t2t3)z
′4ξ′ + 2t1t2z
′2
− 2t1(t
2
2 + t2t3)z
′3 − 2t2(t
2
2 + t2t3)z
′)
(
−
∂
∂z′
∧
∂
∂ξ′
)
which is not holomorphic. Consider the rational part of (3.3.10)(
t2
z′2
− 2 t
2
2
z′
− t2t3
z′
− t2
z′2
+
t22
z′
+
t2t3
z′
− t2t4
z′2
+
t22t4
z′
+
t2t3t4
z′
− t2t3t4
z′
− t
2
2t4
z′
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
+ (
t22
z′
+
t21t5
z′2
+
t22t5
z′6
+
t5(t
2
2 + t2t3)
2
z′4
− 2 t1t5ξ
′
z′
− 2 t2t5ξ
′
z′3
+
t5(t
2
2 + t2t3)ξ
′
z′2
+ 2
t1t2t5
z′4
− 2 t1t5(t
2
2 + t2t3)
z′3
− 2 t2t5(t
2
2 + t2t3)
z′5
)
(
− ∂
∂z′
∧ ∂
∂ξ′
)
Then the Poisson structure on U1 × P1C × C5
Λ := A(z, ξ, t)
∂
∂z
∧ ∂
∂ξ
where
A(z, ξ, t)
= t2 + (2t2 + t3 + z + t4z + t3t4 + t2t4)ξ + (z + t5z
6)ξ2 − [−t2t4 + t21t5 + t22t5z4 + t5(t22 + t2t3)2z2
− 2t1t5(z3ξ + t1 + t2z2 − (t22 + t2t3)z)− (2t2t5z − t5(t22 + t2t3))(z4ξ + t1z + t2z3 − (t22 + t2t3)z2)
+ 2t1t2t5z
2 − 2t1t5(t22 + t2t3)z − 2t2t5(t22 + t2t3)z3]
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define a global bivector field on F so that (F ,Λ,C5, ω) is a Poisson analytic family of deformations of
(F4,Λ0) = ω
−1(0) such that the Poisson Kodaira-Spencer map is an isomorphism at t = 0.
Example 8. Let us consider (F5,Λ0 = zξ
∂
∂z ∧ ∂∂ξ ). Since e(z) = z 6= 0 in (3.1.3) so that dimC H2(F5,Θ•F5) =
0 by Table 1, it is unobstructed in Poisson deformations. We find H1(F5,Θ
•
F5
). First we find ker(H1(F5,ΘF5)
[Λ0,−]−−−−→
H1(F5,∧2ΘF5)). We note that from (3.1.2),
[zξ
∂
∂z
∧ ∂
∂ξ
,
(
b1
z
+
b2
z2
+
b3
z3
+
b4
z4
)
∂
∂ξ
] = −
(
b1 +
b2
z
+
b3
z2
+
b4
z3
)
∂
∂z
∧ ∂
∂ξ
≡ −
(
b2
z
+
b3
z2
)
∂
∂z
∧ ∂
∂ξ
Hence ker(H1(F5,ΘF5)
[Λ0,−]−−−−→ H1(F5,∧2ΘF5)) is generated by 1z ∂∂ξ = z4 ∂∂ξ′ , 1z4 ∂∂ξ = z ∂∂ξ′ . Let us find
coker(H0(F5,ΘF5)
[Λ0,−]−−−−→ H0(F5,∧2ΘF5)). Since d(z) = 0, e(z) = z, f(z) = 0 in (3.3.1), and we have
(3.1.1),
(zg′(z)− g(z))ξ + zc(z)ξ2 = (z(g1 + 2g2z)− g0 − g1z − g2z2)ξ + z(c0 + c1z + c2z2 + c3z3 + c4z4 + c5z5)ξ2
= (−g0 + g2z2)ξ + (c0z + c1z2 + c2z3 + c3z4 + c4z5 + c5z6)ξ2
so that coker(H0(F5,ΘF5)
[Λ0,−]−−−−→ H0(F5,∧2ΘF5)) is generated by zξ ∂∂z ∧ ∂∂ξ , ξ2 ∂∂z ∧ ∂∂ξ , z7ξ2 ∂∂z ∧ ∂∂ξ . Hence
H1(F5,Θ
•
F5
) ∼= coker(H0(F5,ΘF5
[Λ0,−]−−−−→ H0(F5,∧2ΘF5))⊕ ker(H1(F5,ΘF5)
[Λ0,−]−−−−→ H1(F5,∧2ΘF5)) is gen-
erated by
H
1(F5,Θ
•
F5)
∼=
〈
zξ
∂
∂z
∧ ∂
∂ξ
, ξ2
∂
∂z
∧ ∂
∂ξ
, z7ξ2
∂
∂z
∧ ∂
∂ξ
〉
⊕
〈
z4
∂
∂ξ′
, z
∂
∂ξ′
〉
(3.3.11)
We will construct a Poisson analytic family such that Poisson Kodaira-Spencer map is an isomorphism at
the distinguished point by using the basis (3.3.11) which forms a linear part. From (3.3.11), let us consider
a complex analytic family defined by patching Ui × P1C × C5, i = 1, 2, (t1, t2, t3, t4, t5) ∈ C5 by the relation
(z′, ξ′) =
(
1
z
, z5ξ + t1z + t2z
4
)
(3.3.12)
We note that since ∂∂z ∧ ∂∂w = − 1z′3 ∂∂z′ ∧ ∂∂w′ ,
[zξ
∂
∂z
∧ ∂
∂ξ
,
1
z
∂
∂ξ
] = − ∂
∂z
∧ ∂
∂ξ
[zξ
∂
∂z
∧ ∂
∂ξ
,
1
z4
∂
∂ξ
] = − 1
z3
∂
∂z
∧ ∂
∂ξ
=
∂
∂z′
∧ ∂
∂ξ′
,
Then (( ∂∂z∧ ∂∂ξ , 0), 1z ∂∂ξ ) and ((0, ∂∂z′∧ ∂∂ξ′ ), 1z4 ∂∂ξ ) ∈ C0(U ,∧2ΘF5)⊕C1(U ,ΘF5) define elements in H1(F5,Θ•F5).
Let us consider a bivector field on U1 × P1C × C5
Π = (t2 + (z + t3z)ξ + (t4 + t5z
7)ξ2)
∂
∂z
∧ ∂
∂ξ
(3.3.13)
We note that ξ = ξ
′−t1z−t2z
4
z5 = z
′5ξ′ − t1z′4 − t2z′, and (z′5ξ′ − t1z′4 − t2z′)2 = z′10ξ′2 + t21z′8 + t22z′2 −
2t1z
′9ξ′ − 2t2z′6ξ′ + 2t1t2z′5 so that Π is translated on U2 × P1C × C5 into(
t2
z′3
+
(
1
z′
+
t3
z′
)(
z′2ξ′ − t1z′ − t2
z′2
))(
− ∂
∂z′
∧ ∂
∂ξ′
)
(3.3.14)
+
(
t4 +
t5
z′7
)
(z′7ξ′2 + t21z
′5 +
t22
z′
− 2t1z′6ξ′ − 2t2z′3ξ′ + 2t1t2z′2)
(
− ∂
∂z′
∧ ∂
∂ξ′
)
which is not holomorphic. Our purpose is to modify (3.3.12) and (3.3.13) to delete rational parts to make
a global holomorphic bivector field both on Ui × P1C × C5, i = 1, 2. We note that 1z′k ∂∂z′ ∧ ∂∂ξ′ , k ≥ 3 on
U2 × P1 × C2 is translated into −zk−3 ∂∂z ∧ ∂∂ξ which is holomorphic. So we consider 1z′ and 1z′2 parts in
(3.3.14) which is given by (
t22t4
z′
+
t21t5
z′2
− 2 t1t5ξ
′
z′
)(
− ∂
∂z′
∧ ∂
∂ξ′
)
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We note that 2 t1t5ξ
′
z′
∂
∂z′ ∧ ∂∂ξ′ is translated into −2t1t5(z3ξ + t1z + t2z2) ∂∂z ∧ ∂∂ξ by (3.3.12) which has the
rational part as −2 t21t5z ∂∂z ∧ ∂∂ξ which is translated into 2 t
2
1t5
z′2
∂
∂z′ ∧ ∂∂ξ′ .
Let us consider a complex analytic family (F ,C5, ω) of deformations of F5 = ω−1(0) defined by patching
Ui × P1C × C5, i = 1, 2 by the relation
(z′, ξ′) =
(
1
z
, z5ξ + t1z + t2z
4 + t22t4z
2 − t21t5z3
)
where ω : F → C5 is the natural projection, and consider
Π′ = (t2 + (z + t3z)ξ + (t4 + t5z
7 + t3t4 + t3t5z
7)ξ2)
∂
∂z
∧ ∂
∂ξ
Since ξ =
ξ′−t1z−t2z
4−t22t4z
2+t21t5z
3
z5 = z
′5ξ′ − t1z′4 − t2z′ − t22t4z′3 + t21t5z′2, and
(z′5ξ′ − t1z′4 − t2z′ − t22t4z′3 + t21t5z′2)2
= z′10ξ′2 + t21z
′8 + t22z
′2 − 2t1z′9ξ′ − 2t2z′6ξ′ + 2t1t2z′5 + t42t24z′6 + t41t25z′4 − 2t22t4z′8ξ′
+ 2t21t5z
′7ξ′ + 2t1t
2
2t4z
′7 − 2t31t5z′6 + 2t32t4z′4 − 2t21t2t5z′3 − 2t21t5t22t4z′5
Π′ is translated into U2 × P1C × C5 as
(
t2
z′3
+
(
1
z′
+
t3
z′
)(
z′2ξ′ − t1z′ − t2
z′2
− t22t4 +
t21t5
z′
))(
− ∂
∂z′
∧ ∂
∂ξ′
)(3.3.15)
+
(
t4 +
t5
z′7
+ t3t4 +
t3t5
z′7
)
(z′7ξ′2 + t21z
′5 +
t22
z′
− 2t1z′6ξ′ − 2t2z′3ξ′ + 2t1t2z′2 + t42t24z′3 + t41t25z′ − 2t22t4z′5ξ′
+ 2t21t5z
′4ξ′ + 2t1t
2
2t4z
′4 − 2t31t5z′3 + 2t32t4z′ − 2t21t2t5 − 2t21t5t22t4z′2)
(
− ∂
∂z′
∧ ∂
∂ξ′
)
Then 1z′ and
1
z′2 parts are(
−
t22t4
z′
+
t21t5
z′2
−
t22t3t4
z′
+
t21t3t5
z′2
)(
−
∂
∂z′
∧
∂
∂ξ′
)
+
(
t4t
2
2
z′
+
t21t5
z′2
− 2
t1t5ξ
′
z′
+
t3t4t
2
2
z′
+
t3t5t
2
1
z′2
− 2
t1t3t5ξ
′
z′
)(
−
∂
∂z′
∧
∂
∂ξ′
)
=
(
2
t21t5
z′2
− 2
t1t5ξ
′
z′
+ 2
t21t3t5
z′2
− 2
t1t3t5ξ
′
z′
)(
−
∂
∂z′
∧
∂
∂w′
)
We note that
(
2
t21t5
z′2 − 2 t1t5ξ
′
z′
)(
− ∂∂z′ ∧ ∂∂ξ′
)
is translated on U1 × P1C × C5 into(
2
t21t5
z
− 2 t1t5(z
5ξ + t1z + t2z
4 + t22t4z
2 − t21t5z3)
z2
)
∂
∂z
∧ ∂
∂ξ
= −2t1t5(z3ξ + t2z2 + t22t4 − t21t5z)
∂
∂z
∧ ∂
∂ξ
and
(
2
t21t3t5
z′2 − 2 t1t3t5ξ
′
z′
)(
− ∂∂z′ ∧ ∂∂ξ′
)
is translated on U1 × P1C × C5 into(
2
t21t3t5
z
− 2 t1t3t5(z
5ξ + t1z + t2z
4 + t22t4z
2 − t21t5z3)
z2
)
∂
∂z
∧ ∂
∂ξ
= −2t1t3t5(z3ξ + t2z2 + t22t4 − t21t5z)
∂
∂z
∧ ∂
∂ξ
Let us consider the other rational parts in (3.3.15),
(
t2
z′3
− t2
z′3
− t2t3
z′3
+
(t5 + t3t5)t
2
2
z′8
− 2(t5 + t3t5)t2ξ
′
z′4
+ 2
(t5 + t3t5)t1t2
z′5
+
(t5 + t3t5)t
4
2t
2
4
z′4
+
(t5 + t3t5)t
4
1t
2
5
z′6
− 2(t5 + t3t5)t
2
2t4ξ
′
z′2
+ 2
(t5 + t3t5)t
2
1t5ξ
′
z′3
+ 2
(t5 + t3t5)t1t
2
2t4
z′3
− 2(t5 + t3t5)t
3
1t5
z′4
+ 2
(t5 + t3t5)t
3
2t4
z′6
− 2(t5 + t3t5)t
2
1t2t5
z′7
− 2(t5 + t3t5)t
2
1t
2
2t4t5
z′5
)
(
− ∂
∂z′
∧ ∂
∂ξ′
)
Then the Poisson structure on U1 × P1C × C5 given by
Λ = A(z, ξ, t)
∂
∂z
∧ ∂
∂ξ
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where
A(z, ξ, t)
= t2 + (z + t3z)ξ + (t4 + t5z
7 + t3t4 + t5z
7)ξ2 + 2t1t5(z
3ξ + t2z
2 + t22t4 − t21t5z) + 2t1t3t5(z3ξ + t2z2 + t22t4 − t21t5z)
+ t2t3 − (t5 + t3t5)t22z5 + 2(t5 + t3t5)t2(z5ξ + t1z + t2z4 + t22t4z2 − t21t5z3)z − 2(t5 + t3t5)t1t2z2
− (t5 + t3t5)t42t24z − (t5 + t3t5)t41t25z3 + 2(t5 + t3t5)t22t4(z4ξ + t1 + t2z3 + t22t4z − t21t5z2)
− 2(t5 + t3t5)t21t5(z5ξ + t1z + t2z4 + t22t4z2 − t21t5z3)− 2(t5 + t3t5)t1t22t4
− 2(t5 + t3t5)t31t5z − 2(t5 + t3t5)t32t4z3 + 2(t5 + t3t5)t21t2t5z4 + 2(t5 + t3t5)t21t22t4t5z2
defines a global bivector field on F and (F ,Λ,C5, ω) is a Poisson analytic family of deformations of (F5,Λ0) =
ω−1(0) such that the Poisson Kodaira-Spencer map is an isomorphism at t = 0.
4. Hopf surfaces
In this section, we study Poisson deformations of (primary) Hopf surfaces. We determine obstructedness
or unobstructedness of Poisson Hopf surfaces except for two classes of Poisson Hopf surfaces (see Table 8
and Remark 4.12.1). For unobstructed Poisson Hopf surfaces, we show the unobstructedness by explicitly
constructing Poisson analytic families of deformations of Poisson Hopf surfaces such that the PoissonKodaira-
Spencer map is an isomorphism at the distinguished point (see Theorem 4.6.2). We extend the method in
[Weh81] in the context of holomorphic Poisson deformations of Hopf surfaces.
4.1. Preliminaries.
In this subsection, we review properties of Hopf surfaces. For the detail, we refer to [Weh81].
Definition 4.1.1. A compact complex surface X is called (primary) Hopf surfaces if the universal covering
is biholomorphically equivalent to the domain W := C2−{0, 0} and the fundamental group equals the infinite
cyclic group Z.
Remark 4.1.2.
(1) The group of covering transformations of a Hopf surface is generated by a contraction
f : C2 → C2, f(0) = 0
After a suitable choice of coordinates in C2, the contraction has the normal form
f(z, w) = (αz + λwp, δw),
where p ∈ N − {0} and α, δ, λ ∈ C are constants subject to the restrictions 0 < |α| ≤ |δ| < 1 and
(α− δp)λ = 0.
(2) Every Hopf surface X is homeomorphic to S1 × S3 so that the first Chern class of any Hopf surface
X is c1 = 0, and the second Chern class of any Hopf surface X is c2 = 0.
(3) We have h0,0 = h0,1 = h2,1 = h2,2 = 1 and hp,q = 0 for all other (p, q), where hp,q = dimCH
q(X,∧pΩ1X).
(4) dimCH
0(X,ΘX) = dimCH
1(X,ΘX) and H
2(X,ΘX) = 0.
Theorem 4.1.3 (see [Weh81] p.23). Table 2 shows the classification of Hopf surfaces X = W/〈f〉 in the
complex analytic case. Hopf surfaces of a fixed type are classified by the different values, which the parameters
of the contraction
f : C2 → C2, f(0) = 0
can take. Table 3 shows a basis of the vector space H0(X,ΘX) and the group Aut(X) of holomorphic
automorphisms for the Hopf surfaces X =W/〈f〉 of each type respectively.
4.2. Holomorphic Poisson structures on Hopf surfaces and Poisson automorphisms.
In this subsection, we describe holomorphic Poisson structures on Hopf surfaces of each type in Table 2,
and for given a Poisson Hopf surface (X,Λ0), we compute the infinitesimal automorphisms H
0(X,Θ•X), and
describe group Aut(X,Λ0) of (holomorphic) Poisson automorphisms for any Poisson Hopf surface (X,Λ0).
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type dimH0(X,ΘX) f(z, w) parameters
IV 4 (αz, αw) 0 < |α| < 1
III 3 (δpz, δw) p ∈ N− {0, 1}, 0 < |δ| < 1
IIa 2 (δ
pz + wp, δw) p ∈ N− {0, 1}, 0 < |δ| < 1
IIb 2 (αz + w,αw) 0 < |α| < 1
IIc 2 (αz, δw) 0 < |α| < |δ| < 1, α 6= δp for all p ∈ N
Table 2. Classification of Hopf surfaces and infinitesimal automorphisms
type basis of H0(X,ΘX) Aut(X)
IV z ∂∂z , w
∂
∂z , z
∂
∂w , w
∂
∂w GL(2,C)/〈f〉
III z ∂∂z , w
∂
∂w , w
p ∂
∂z {(z, w) 7→ (az + bwp, dw) : ad 6= 0, b ∈ C}/〈f〉
IIa pz
∂
∂z + w
∂
∂w , w
p ∂
∂z {(z, w) 7→ (apz + bwp, aw) : a ∈ C∗, b ∈ C}/〈f〉
IIb z
∂
∂z + w
∂
∂w , w
∂
∂z {(z, w) 7→ (az + bw, aw) : a ∈ C∗, b ∈ C}/〈f〉
IIc z
∂
∂z , w
∂
∂w {(z, w) 7→ (az, dw) : ad 6= 0}/〈f〉
Table 3. Group of automorphisms on Hopf surfaces
4.2.1. Hopf surfaces of type IV.
We describe holomorphic Poisson structures on a Hopf surface of type IV defined by f : (z, w)→ (αz, αw)
for 0 < |α| < 1. A holomorphic bivector field on X is induced from a 〈f〉-invariant holomorphic bivector
field on W , equivalently an invariant bivector field on W under fn : (z, w) 7→ (z′, w′) = (αnz, αnw) for all
n ∈ Z. Let g(z, w) ∂∂z ∧ ∂∂w be an 〈f〉-invariant holomorphic bivector field on W . Since g(z, w) ∂∂z ∧ ∂∂w =
g(z′, w′) ∂∂z′ ∧ ∂∂w′ , and ∂∂z ∧ ∂∂w = α2n ∂∂z′ ∧ ∂∂w′ , we get g(z, w) = 1α2n g(αnz, αnw). By Hartog’s theorem,
g(z, w) is extended to a holomorphic function on the whole C2. Let g(z, w) =
∑∞
h,k≥0 chkz
hwk be the power
series expansion of g(z, w). Then since 0 < |α| < 1, we have
g(z, w) = lim
n→∞
1
α2n
∑
h,k≥0
chkα
hnαknzhwk = c20z
2 + c11zw + c02w
2.
Hence H0(X,∧2ΘX) is generated by
(
z2 ∂∂z ∧ ∂∂w , zw ∂∂z ∧ ∂∂w , w2 ∂∂z ∧ ∂∂w
)
which give holomorphic Poisson
structures on X .
Now let Λ0 = (Az
2 + Bzw + Cw2) ∂∂z ∧ ∂∂w be a Poisson structure on a Hopf surface of type IV defined
by f : (z, w) → (αz, αw) for some constants (A,B,C) ∈ C3. We find infinitesimal Poisson automorphism
H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We note a basis of H0(X,ΘX) in Table 3. Then
[(Az2 +Bzw + Cw2)
∂
∂z
∧
∂
∂w
, (dz + ew)
∂
∂z
+ (fz + gw)
∂
∂w
](4.2.1)
=
(
(−Ad−Bf + gA)z2 + (−2Ae− 2Cf)zw + (Cd−Be−Cg)w2
) ∂
∂z
∧
∂
∂w
= 0
⇐⇒ −Ad−Bf + gA = 0, −2Ae− 2Cf = 0, Cd−Be− Cg = 0.
Let us represent our computation in the matrix form.
(4.2.2) M · v :=

−A 0 −B A0 −2A −2C 0
C −B 0 −C




d
e
f
g

 =

−Ad−Bf + gA−2Ae− 2Cf
Cd−Be− Cg


Since the first column and the last column of M are dependent, and det

 0 −B A−2A −2C 0
−B 0 −C

 = 0, we see
that if (A,B,C) = 0, then dimC H
0(X,Θ•X) = 4, and if (A,B,C) 6= 0, then dimC H0(X,Θ•X) = 2. Let us
find the basis of H0(X,Θ•X).
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(1) If Λ0 = 0, then we have
H
0(X,Θ•X) = SpanC
〈
z
∂
∂z
, w
∂
∂z
, z
∂
∂w
,w
∂
∂w
〉
(4.2.3)
(2) If Λ0 6= 0 (i.e. (A,B,C) 6= 0), then H0(X,Θ•X) is generated by


d
e
f
g

 =


1
0
0
1

, and


B
C
−A
0

. In other
words,
H
0(X,Θ•X)
∼= SpanC
〈
z
∂
∂z
+ w
∂
∂w
, (Bz + Cw)
∂
∂z
−Az ∂
∂w
〉
(4.2.4)
Lastly we discuss groups of Poisson automorphisms of Hopf surfaces of type IV.
Lemma 4.2.5. Let X be a Hopf surface of type IV. The group of Possion atuomorphisms of (X,Λ0 =
(Az2 +Bzw + Cw2) ∂∂z ∧ ∂∂w ) is as follows.
(1) if (A,B,C) = 0,
Aut(X,Λ0 = 0) = Aut(X) = GL(2,C)/〈f〉(4.2.6)
(2) if (A,B,C) 6= 0,
Aut(X,Λ0) = {(z, w) 7→ ((a+ bB)z + bCw,−bAz + aw) : a(a+ bB) + b2AC 6= 0}/〈f〉(4.2.7)
Proof. Since Aut(X) consists of linear transformations by Table 3, Aut(X,Λ0) ⊂ Aut(X) preserving Λ0
is completely determined by infinitesimal Poisson automorphisms (4.2.3) and (4.2.4) so that we get (4.2.6)
and (4.2.7). We can also directly compute Aut(X,Λ0) by finding the subgroup of Aut(X) which preserves
Λ0. 
We summarize our discussion in this subsection in Table 4 and Table 5.
4.2.2. Hopf surfaces of type III.
We describe holomorphic Poisson structures on a Hopf surface of type III defined by f : (z, w)→ (δpz, δw)
for p ∈ N− {0, 1}, and 0 < |δ| < 1. A holomorphic bivector field on X is induced from a 〈f〉-invariant holo-
morphic bivector field on W , equivalently an invariant bivector field on W under fn : (z, w) 7→ (δnpz, δnw)
for all n ∈ Z. Let g(z, w) ∂∂z ∧ ∂∂w be an 〈f〉-invariant holomorphic bivector field onW . Since g(z, w) ∂∂z ∧ ∂∂w =
g(z′, w′) ∂∂z′ ∧ ∂∂w′ , and ∂∂z ∧ ∂∂w = δn(p+1) ∂∂z′ ∧ ∂∂w′ , we get g(z, w) = 1δn(p+1) g(δnpz, δnw). By Hartog’s theo-
rem, g(z, w) is extended to a holomorphic function on the whole C2. Let g(z, w) =
∑∞
h,k≥0 chkz
hwk be the
power series expansion of g(z, w). Then since 0 < |δ| < 1, we have
g(z, w) = lim
n→∞
1
δn(p+1)
∑
h,k≥0
chkδ
nphδnkzhwk = lim
n→∞
1
δn(p+1)
∑
h,k≥0
chkδ
n(ph+k)zhwk = c11zw + c0(p+1)w
p+1.
Hence H0(X,∧2ΘX) is generated by
(
zw ∂∂z ∧ ∂∂w , wp+1 ∂∂z ∧ ∂∂w
)
which give holomorphic Poisson structures
on X .
Now let Λ0 = (Azw + Bw
p+1) ∂∂z ∧ ∂∂w be a Poisson structure on a Hopf surface of type III defined by
f : (z, w) → (δpz, δw) for p ∈ N − {0, 1}, and 0 < |δ| < 1 for some constants (A,B) ∈ C2. We find
infinitesimal Poisson automorphisms H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We note a basis
of H0(X,ΘX) in Table 3. Then
[(Azw +Bwp+1)
∂
∂z
∧
∂
∂w
, (dz + ewp)
∂
∂z
+ fw
∂
∂w
] = (Bd− Ae− pBf)wp+1
∂
∂z
∧
∂
∂w
= 0
⇐⇒ Bd− Ae− pBf = 0.
If A = B = 0 so that Λ0 = 0, then H
0(X,Θ•X) = 3. If Λ0 6= 0, then H0(X,Θ•X) = 2. Let us find a basis of
H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)).
(1) If Λ0 6= 0, then H0(X,Θ•X) = H0(X,ΘX) so that
H
0(X,Θ•X)
∼= SpanC
〈
z
∂
∂z
, wp
∂
∂z
, w
∂
∂w
〉
(4.2.8)
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(2) If Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w , B 6= 0, then
H
0(X,Θ•X)
∼= SpanC
〈
pz
∂
∂z
+ w
∂
∂w
,wp
∂
∂z
〉
(4.2.9)
(3) If Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0, then
H
0(X,Θ•X)
∼= SpanC
〈(
z +
B
A
wp
)
∂
∂z
,−pB
A
wp
∂
∂z
+ w
∂
∂w
〉
(4.2.10)
Lastly we discuss groups of Poisson auotmorphisms of Hopf surfaces of type III.
Lemma 4.2.11. Let X be a Hopf surface of type III. The group of Poisson automorphisms of (X,Λ0 =
(Azw +Bwp+1) ∂∂z ∧ ∂∂w ) is as follows.
(1) if Λ0 = 0,
Aut(X,Λ0) = Aut(X) = {(z, w) 7→ (az + bwp, dw) : ad 6= 0, b ∈ C}/〈f〉(4.2.12)
(2) if Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w , B 6= 0,
Aut(X,Λ0) = {(z, w) 7→ (dpz + bwp, dw) : d 6= 0, b ∈ C}/〈f〉(4.2.13)
(3) if Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0,
Aut(X,Λ0) = {(z, w) 7→
(
az +
B
A
(a− dp)wp, dw
)
: ad 6= 0}/〈f〉(4.2.14)
Proof. We note that by Table 3, we have Aut(X) = {(z, w) 7→ (z′, w′) = (az+ bwp, dw) : ad 6= 0, b ∈ C}/〈f〉.
Note that Aut(X,Λ0) ⊂ Aut(X) preserves Λ0. Assume that (z, w) 7→ (z′, w′) = (az + bwp, dw) with
ad 6= 0, b ∈ C preserves Λ0. Then
(1) if Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w , B 6= 0, since ∂∂z ∧ ∂∂w = ad ∂∂z′ ∧ ∂∂w′ , we have
Bwp+1ad = B(dw)p+1 = Bdp+1wp+1 ⇐⇒ a = dp
so that we get (4.2.13).
(2) if Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0,
(Azw +Bwp+1)ad = A(az + bwp)dw +B(dw)p+1 ⇐⇒ b = B
A
(a− dp)
so that we get (4.2.14).

We summarize our discussion in this section in Table 4 and Table 5.
4.2.3. Hopf surfaces of type IIa.
We describe holomorphic Poisson structures on a Hopf surface of type IIa defined by f : (z, w) →
(δpz +wp, δw) for p ∈ N− {0, 1} and 0 < |δ| < 1. A holomorphic bivector field on X is induced from a 〈f〉-
invariant holomorphic bivector field on W , equivalently an invariant bivector field on W under fn : (z, w) 7→
(z′, w′) = (δnpz+nδ(n−1)pwp, δnw) for all n ∈ Z. Let g(z, w) ∂∂z ∧ ∂∂w be an 〈f〉-invariant holomorphic bivector
field on W . Since g(z, w) ∂∂z ∧ ∂∂w = g(z′, w′) ∂∂z′ ∧ ∂∂w′ , and ∂∂z = δnp ∂∂z′ and ∂∂w = npδ(n−1)pwp−1 ∂∂z′ + δn ∂∂w′
so that ∂∂z ∧ ∂∂w = δn(p+1) ∂∂z′ ∧ ∂∂w′ , we get g(z, w) = 1δn(p+1) g(δ(n−1)p(δpz+nwp), δnw). By Hartog’s theorem,
g(z, w) is extended to a holomorphic function on the whole C2. Let g(z, w) =
∑∞
h,k≥0 chkz
hwk be the power
series expansion of g(z, w). Then since 0 < |δ| < 1, we have
g(z, w) = lim
n→∞
1
δn(p+1)
∑
h,k≥0
chkδ
(n−1)phδnk(δpz + nwp)hwk = c0(p+1)w
p+1.
Hence H0(X,∧2ΘX) is generated by
(
wp+1 ∂∂z ∧ ∂∂w
)
which give holomorphic Poisson structures on X .
Now let Λ0 = Aw
p+1 ∂
∂z ∧ ∂∂w be a Poisson structure on a Hopf surface of type IIa defined by f : (z, w)→
(δpz + wp, δw) for p ∈ N − {0, 1} and 0 < |δ| < 1 for some constant A ∈ C. We find infinitesimal Poisson
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auotmorphisms H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We note a basis of H0(X,ΘX) in
Table 3. Then
[Awp+1
∂
∂z
∧ ∂
∂w
, (cpz + dwp)
∂
∂z
+ cw
∂
∂w
] = 0(4.2.15)
Hence we have H0(X,Θ•X) = H
0(X,ΘX) so that
H
0(X,Θ•X)
∼= SpanC
〈
pz
∂
∂z
+ w
∂
∂w
,wp
∂
∂z
〉
(4.2.16)
Lastly we discuss groups of Poisson automorphisms of Hopf surfaces of type IIa.
Lemma 4.2.17. Let X be a Hopf surface of type IIa. The group of Poisson automorphisms of (X,Λ0 =
Awp+1 ∂∂z ∧ ∂∂w ) is
Aut(X,Λ0) = Aut(X) = {(z, w) 7→ (apz + bwp, aw) : a ∈ C∗, b ∈ C}/〈f〉
We summarize our discussion in this subsection in Table 4 and Table 5.
4.2.4. Hopf surfaces of type IIb.
We describe holomorphic Poisson structures on a Hopf surface of type IV defined by f : (z, w) → (αz +
w,αw) for 0 < |α| < 1. A holomorphic bivector field on X is induced from a 〈f〉-invariant holomorphic
bivector field on W , equivalently an invariant bivector field on W under fn : (z, w) 7→ (z′, w′) = (αnz +
nαn−1w,αnw) for all n ∈ Z. Let g(z, w) ∂∂z ∧ ∂∂w be an 〈f〉-invariant holomorphic bivector field on W .
Since g(z, w) ∂∂z ∧ ∂∂w = g(z′, w′) ∂∂z′ ∧ ∂∂w′ , and ∂∂z ∧ ∂∂w = α2n ∂∂z′ ∧ ∂∂w′ , we get g(z, w) = 1α2n g(αnz +
nαn−1w,αnw). By Hartog’s theorem, g(z, w) is extended to a holomorphic function on the whole C2. Let
g(z, w) =
∑∞
h,k≥0 chkz
hwk be the power series expansion of g(z, w). Then since 0 < |α| < 1, we have
g(z, w) = lim
n→∞
1
α2n
∑
h,k≥0
chk(α
nz + nαn−1w)hαknwk = lim
n→∞
1
α2n
∑
h,k≥0
chkα
(n−1)hαnk(αz + nw)hwk = c02w
2
Hence H0(X,∧2ΘX) is generated by
(
w2 ∂∂z ∧ ∂∂w
)
which give holomorphic Poisson structures on X .
Now let Λ0 = Aw
2 ∂
∂z ∧ ∂∂w be a Poisson structure on a Hopf surface of type IIb defined by f : (z, w) →
(αz + w,αw) for 0 < |α| < 1 for some constant A ∈ C. We find infinitesimal Poisson auotmorphisms
H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We note a basis of H0(X,ΘX) in Table 3. Then
[Aw2
∂
∂z
∧ ∂
∂w
, (bz + cw)
∂
∂z
+ bw
∂
∂w
] = 0(4.2.18)
Hence we have H0(X,Θ•X) = H
0(X,ΘX) so that
H
0(X,Θ•X) = SpanC
〈
z
∂
∂z
+ w
∂
∂w
,w
∂
∂z
〉
Lastly we discuss groups of Poisson automorphisms of Hopf surfaces of type IIb.
Lemma 4.2.19. Let X be a Hopf surface of type IIb. The group of Poisson automorphisms of (X,Λ0 =
Aw2 ∂∂z ∧ ∂∂w ) is
Aut(X,Λ0) = Aut(X) = {(z, w) 7→ (az + bw, aw) : a ∈ C∗, b ∈ C}/〈f〉
We summarize our discussion in this section in Table 4 and Table 5.
4.2.5. Hopf surfaces of type IIc.
We describe holomorphic Poisson structures on a Hopf surface of type IV defined by f : (z, w)→ (αz, δw)
for 0 < |α| < |δ| < 1 and α 6= δp for all p ∈ N. A holomorphic bivector field on X is induced from a
〈f〉-invariant holomorphic bivector field on W , equivalently an invariant bivector field on W under fn :
(z, w) 7→ (z′, w′) = (αnz, δnw) for all n ∈ Z. Let g(z, w) ∂∂z ∧ ∂∂w be an 〈f〉-invariant holomorphic bivector
field on W . Since g(z, w) ∂∂z ∧ ∂∂w = g(z′, w′) ∂∂z′ ∧ ∂∂w′ , and ∂∂z ∧ ∂∂w = αnδn ∂∂z′ ∧ ∂∂w′ , we get g(z, w) =
1
αnδn g(α
nz, δnw). By Hartog’s theorem, g(z, w) is extended to a holomorphic function on the whole C2. Let
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type dimH0(X,∧2ΘX) basis of H0(X,∧2ΘX) f(z, w) parameters
IV 3 z2 ∂∂z ∧ ∂∂w , zw ∂∂z ∧ ∂∂w , w2 ∂∂z ∧ ∂∂w (αz, αw) 0 < |α| < 1
III 2 zw ∂∂z ∧ ∂∂w , wp+1 ∂∂z ∧ ∂∂w (δpz, δw) p ∈ N− {0, 1}, 0 < |δ| < 1
IIa 1 w
p+1 ∂
∂z ∧ ∂∂w (δpz + wp, δw) p ∈ N− {0, 1}, 0 < |δ| < 1
IIb 1 w
2 ∂
∂z ∧ ∂∂w (αz + w,αw) 0 < |α| < 1
IIc 1 zw
∂
∂z ∧ ∂∂w (αz, δw) 0 < |α| < |δ| < 1, α 6= δp for all p ∈ N
Table 4. Holomorphic Poisson structures on Hopf surfaces
type Poisson structure Λ0 basis of H
0(X,Θ•X) Aut(X,Λ0)
IV 0 z ∂
∂z
, w ∂
∂z
, z ∂
∂w
, w ∂
∂w
GL(2,C)/〈f〉
IV (Az2 +Bzw + Cw2) ∂
∂z
∧ ∂
∂w
{(z, w) 7→ ((a+ bB)z + bCw,−bAz + aw)}/〈f〉
(A,B,C) 6= 0 z ∂
∂z
+ w ∂
∂w
, (Bz + Cw) ∂
∂z
− Az ∂
∂w
where a(a+ bB) + b2AC 6= 0
III 0 z ∂
∂z
, wp ∂
∂z
, w ∂
∂w
{(z, w) 7→ (az + bwp, dw) : ad 6= 0, b ∈ C}/〈f〉
III Bwp+1 ∂
∂z
∧ ∂
∂w
, B 6= 0 pz ∂
∂z
+ w ∂
∂w
, wp ∂
∂z
{(z, w) 7→ (dpz + bwp, dw) : d ∈ C∗, b ∈ C}/〈f〉
III (Azw +Bwp+1) ∂
∂z
∧ ∂
∂w
, A 6= 0 (z + B
A
wp) ∂
∂z
,− pB
A
wp ∂
∂z
+ w ∂
∂w
{(z, w) 7→ az + B
A
(a− dp)wp, dw) : ad 6= 0}/〈f〉
IIa Aw
p+1 ∂
∂z
∧ ∂
∂w
pz ∂
∂z
+ w ∂
∂w
, wp ∂
∂z
{(z, w) 7→ (apz + bwp, aw) : a ∈ C∗, b ∈ C}/〈f〉
IIb Aw
2 ∂
∂z
∧ ∂
∂w
z ∂
∂z
+ w ∂
∂w
, w ∂
∂z
{(z, w) 7→ (az + bw, aw) : a ∈ C∗, b ∈ C}/〈f〉
IIc Azw
∂
∂z
∧ ∂
∂w
z ∂
∂z
, w ∂
∂w
{(z, w) 7→ (az, dw) : ad 6= 0}/〈f〉
Table 5. Infinitesimal Poisson automorphisms and Groups of Poisson automorphisms on
Poisson Hopf surfaces
g(z, w) =
∑∞
h,k≥0 chkz
hwk be the power series expansion of g(z, w). Then since 0 < |α| < |δ| < 1 and α 6= δp
for all p ∈ N, we have
g(z, w) = lim
n→∞
1
αnδn
∑
h,k≥0
chkα
hnδknzhwk = c11zw.
Hence H0(X,∧2ΘX) is generated by
(
zw ∂∂z ∧ ∂∂w
)
which give holomorphic Poisson structures on X .
Now let Λ0 = Azw
∂
∂z ∧ ∂∂w on a Hopf surface of type IV defined by f : (z, w) → (αz, δw) for 0 < |α| <|δ| < 1 and α 6= δp for all p ∈ N for some constant A ∈ C. We find infinitesimal Poisson auotmorphisms
H0(X,Θ•X) = ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We note a basis of H0(X,ΘX) in Table 3. Then
[Azw
∂
∂z
∧ ∂
∂w
, bz
∂
∂z
+ cw
∂
∂w
] = 0(4.2.20)
Hence we have H0(X,Θ•X) = H
0(X,ΘX) so that
H
0(X,Θ•X) = SpanC
〈
z
∂
∂z
, w
∂
∂w
〉
(4.2.21)
Lastly we discuss groups of Poisson automorphisms of Hopf surfaces of type IIc.
Lemma 4.2.22. Let X be a Hopf surface of type IIc. The group of Poisson automorphisms of (X,Λ0 =
Azw ∂∂z ∧ ∂∂w ) is
Aut(X,Λ0) = Aut(X) = {(z, w) 7→ (az, dw) : ad 6= 0}/〈f〉
We summarize our discussion in this subsection in Table 4 and Table 5.
Remark 4.2.23. Let X be any Hopf surface. Since the first Chern class c1(X) = 0, the first Chern class of
∧2ΘX is c1(∧2ΘX) = 0, and the second Chern class c2(∧2ΘX) = 0. Then from Hirzebruch-Riemann-Roch
theorem, we have χ(∧2ΘX) =
∑2
j=0(−1)j dimCHj(X,∧2ΘX) = (ch ∧2 ΘX · tdX)[X ] = 0. On the other
hand, from Serre duality, we have H2(X,∧2ΘX) ∼= H0(X, (∧2ΘX)∗ ⊗ ∧2Ω1X). Since H0(X,∧2Ω1X) = 0 and
H0(X,∧2ΘX) 6= 0 from Table 4, we have H2(X,∧2ΘX) = 0. Hence since χ(∧2ΘX) = 0, we obtain
dimCH
0(X,∧2ΘX) = dimCH1(X,∧2ΘX)(4.2.24)
As in Lemma 3.1.6, since H2(X,ΘX) = 0 for any Hopf surface X , we have
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Lemma 4.2.25. Let (X,Λ0) be any Poisson Hopf surface. Then
H
1(X,Θ•X)
∼= coker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))(4.2.26)
H
2(X,Θ•X)
∼= coker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))(4.2.27)
(X,Λ0) is obstructed in Poisson deformations if for some a, b where a ∈ H0(X,∧2ΘX) and b ∈ ker(H1(X,ΘX) [Λ0,−]−−−−→
H1(X,∧2ΘX)), under the following map
[−,−] : H0(X,∧2ΘX)×H1(X,ΘX)→ H1(X,∧2ΘX)(4.2.28)
[a, b] ∈ H1(X,∧2ΘX) is not in the image of H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX).
4.3. Calculations of H1(X,ΘX) and H
1(X,∧2ΘX) in terms of the universal covering.
We will describe H1(X,Θ•X) for any Poisson Hopf surface (X,Λ0). Form (4.2.26), first we will describe
ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX))(4.3.1)
In order to describe (4.3.1), we describe the basis H1(X,ΘX) and H
1(X,∧2ΘX) in terms of universal
covering W of X as elements in H0(W,ΘW ) and H
0(W,∧2ΘW ), respectively. We use the method presented
in [Weh81]. We describe bases explicitly for Hopf surfaces of any type since we actually need them to
compute (4.3.1).
Let X be Hopf surface. Take a finite covering {Ui}i∈I of X where every Ui is an open Stein subset of X
such that the inverse image U˜i := v
−1(Ui) relative to the canonical projection
v :W → X
splits up into a disjoint union
U˜i =
•⋃
m∈Z
fm(U ′i)
and the canonical projection induces a homoemorphism v|U ′
i
: U ′i → Ui. Then the family U˜ := (U˜i)i∈I
constitutes an open covering of W and the mapping f :W →W induces morphisms
f∗ : Γ(U˜i,ΘW )→ Γ(U˜i,ΘW )
f∗ : Γ(U˜i,∧2ΘW )→ Γ(U˜i,∧2ΘW )
for every i ∈ I so that we have short exact sequences
0→ C•(U ,ΘX)→ C•(U˜ ,ΘW ) id−f∗−−−−→ C•(U˜ ,ΘW )→ 0(4.3.2)
0→ C•(U ,∧2ΘX)→ C•(U˜ ,∧2ΘW ) id−f∗−−−−→ C•(U˜ ,∧2ΘW )→ 0(4.3.3)
which determines the long exact sequence
0→ H0(X,ΘX)→ H0(W,ΘW ) id−f∗−−−−→ H0(W,ΘW ) σ−→ H1(X,ΘX)→ · · ·(4.3.4)
0→ H0(X,∧2ΘX)→ H0(W,∧2ΘW ) id−f∗−−−−→ H0(W,∧2ΘW ) σ−→ H1(X,∧2ΘX)→ · · ·(4.3.5)
Lemma 4.3.6. From (4.3.4) and (4.3.5), we have isomorphisms
M1 := coker(H
0(W,ΘW )
id−f∗−−−−→ H0(W,ΘW )) ∼= H1(X,ΘX)(4.3.7)
M2 := coker(H
0(W,∧2ΘW ) id−f∗−−−−→ H0(W,∧2ΘW )) ∼= H1(X,∧2ΘX)(4.3.8)
and explicitly we have
(1) Type IV
M1 ∼= SpanC
〈
z
∂
∂z
, w
∂
∂z
, z
∂
∂w
,w
∂
∂w
〉
, M2 ∼= SpanC
〈
z2
∂
∂z
∧ ∂
∂w
, zw
∂
∂z
∧ ∂
∂w
,w2
∂
∂z
∧ ∂
∂w
〉
(4.3.9)
OBSTRUCTED AND UNOBSTRUCTED POISSON DEFORMATIONS 27
(2) Type III
M1 ∼= SpanC
〈
z
∂
∂z
, wp
∂
∂z
, w
∂
∂w
〉
, M2 ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
,wp+1
∂
∂z
∧ ∂
∂w
〉
(4.3.10)
(3) Type IIa
M1 ∼= SpanC
〈
(δpz − wp) ∂
∂z
, w
∂
∂w
〉
, M2 ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
(4.3.11)
(4) Type IIb
M1 ∼= SpanC
〈
(αz − w) ∂
∂z
+ αw
∂
∂w
, (αz − w) ∂
∂w
〉
, M2 ∼= SpanC
〈
z2
∂
∂z
∧ ∂
∂w
〉
(4.3.12)
(5) Type IIc
M1 ∼= SpanC
〈
z
∂
∂z
, w
∂
∂w
〉
, M2 ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
(4.3.13)
Proof. We note that by Hartog’s theorem every element of H0(W,ΘW ) and H
0(W,∧2ΘW ) extends to a
holomorphic vector field and a bivector field on C2 respectively. Taking
θ = g(z, w)
∂
∂z
+ h(z, w)
∂
∂w
Π = G(z, w)
∂
∂z
∧ ∂
∂w
where
g(z, w) =
∑
µ,v≥0
aµvz
µwv, h(z, w) =
∑
µ,v≥0
bµvz
µwv, G(z, w) =
∑
µ,v≥0
cµvz
µwv.
We will describe (id− f∗)θ and (id− f∗)Π in each type of Hopf surfaces. We set
f∗θ = g˜(z, w)
∂
∂z
+ h˜(z, w)
∂
∂w
(4.3.14)
f∗Π = G˜(z, w)
∂
∂z
∧ ∂
∂w
(4.3.15)
where
g˜(z, w) =
∑
µ,v≥0
a˜µvz
µwv, h˜(z, w) =
∑
µ,v≥0
b˜µvz
µwv, G˜(z, w) =
∑
µ,v≥0
c˜µvz
µwv.
4.3.1. Proof of (4.3.9).
Let us consider a Hopf surface of type IV defined by f(z, w) = (αz, αw) with 0 < |α| < 1. First let us
consider f∗θ in (4.3.14). Then we have
g(z, w)α = g˜(αz, αw), h(z, w)α = h˜(αz, αw),
equivalently, we have∑
µ,v≥0
αaµvz
µwv =
∑
µ,v≥0
αµ+v a˜µvz
µwv,
∑
µ,v≥0
αbµvz
µwv =
∑
µ,v≥0
αµ+v b˜µvz
µwv.
so that we obtain
a˜µv = α
1−µ−vaµv, b˜µv = α
1−µ−vbµv.
Then we have
(id− f∗)θ =

 ∑
µ,v≥0
aµv(1− α1−µ−v)zµwv

 ∂
∂z
+

 ∑
µ,v≥0
bµv(1− α1−µ−v)zµwv

 ∂
∂w
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We note that if (µ, v) = (0, 1), (1, 0), the coefficients of zµwv is zero so that ∂∂z , w
∂
∂z , z
∂
∂w , w
∂
∂w are linearly
independent modulo im(id− f∗). Since we have (4.3.7) (see [Weh81] Lemma 2 p.27), we obtain
M1 ∼= SpanC
〈
z
∂
∂z
, w
∂
∂z
, z
∂
∂w
,w
∂
∂w
〉
Next let us consider f∗Π in (4.3.15). Then we have
G(z, w)α2 = G˜(αz, αw),
equivalently, we have ∑
µ,v≥0
α2cµvz
µwv =
∑
µ,v≥0
αµ+v c˜µvz
µwv
so that we obtain
c˜µv = α
2−µ−vcµv
Then we have
(id− f∗)Π =

 ∑
µ,v≥0
cµv(1 − α2−µ−v)zµwv

 ∂
∂z
∧ ∂
∂w
We note that if (µ, v) = (2, 0), (1, 1), (0, 2), the coefficients of zµwv is zero so that z2 ∂∂z ∧ ∂∂w , zw ∂∂z ∧
∂
∂w , w
2 ∂
∂z ∧ ∂∂w are linearly independent modulo im(id − f∗). Hence since dimCH1(X,∧2ΘX) = 3 by
(4.2.24), we have dimCM2 ≥ dimCH1(X,∧2ΘX). On the other hand, from (4.3.5), dimCM2 = dimC(imσ) ≤
dimCH
1(X,∧2ΘX) so that we obtain (4.3.8) and
M2 ∼= SpanC
〈
z2
∂
∂z
∧ ∂
∂w
, zw
∂
∂z
∧ ∂
∂w
,w2
∂
∂z
∧ ∂
∂w
〉
4.3.2. Proof of (4.3.10).
Let us consider a Hopf surface of type III defined by f(z, w) = (δpz, δw) with p ∈ N−{0, 1} and 0 < |δ| < 1.
First we note that we have (4.3.7) and M1 ∼= SpanC
〈
z ∂∂z , w
p ∂
∂z , w
∂
∂w
〉
(see [Weh81] Lemma 2 p.27).
Next let us consider f∗Π in (4.3.15). Then we have
G(z, w)δp+1 = G˜(δpz, δw),
equivalently, we have ∑
µ,v≥0
δp+1cµvz
µwv =
∑
µ,v≥0
δpµ+v c˜µvz
µwv
so that we obtain
c˜µv = δ
p(1−µ)−v+1cµv
Then we have
(id− f∗)Π =

 ∑
µ,v≥0
cµv(1− δp(1−µ)−v+1)zµwv

 ∂
∂z
∧ ∂
∂w
We note that if (µ, v) = (1, 1), (0, p+1), then the coefficients of zµwv are zero so that zw ∂∂z ∧ ∂∂w , wp+1 ∂∂z ∧ ∂∂w
are linearly independent modulo im(id − f∗). Hence since dimCH1(X,∧2ΘX) = 2 by (4.2.24), we have
dimCM2 ≥ dimCH1(X,∧2ΘX). On the other hand, from (4.3.5), dimCM2 = dimC(imσ) ≤ dimCH1(X,∧2ΘX)
so that we obtain (4.3.8) and
M2 ∼= 〈zw ∂
∂z
∧ ∂
∂w
,wp+1
∂
∂z
∧ ∂
∂w
〉
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4.3.3. Proof of (4.3.11).
Let us consider a Hopf surface of type IIa defined by f(z, w) = (δ
pz + wp, δw) with p ∈ N − {0, 1} and
0 < |δ| < 1. First we note that we have (4.3.7) and M1 ∼= SpanC
〈
(δpz − wp) ∂∂z , w ∂∂w
〉
(see [Weh81] Lemma
2 p.27).
Next let us consider f∗Π in (4.3.15). We note that f
−1 : (z, w) 7→ (z′, w′) = (δ−pz− δ−2pwp, δ−1w). Since
∂
∂z = δ
−p ∂
∂z′ , and
∂
∂w = −pδ−2pwp−1 ∂∂z′ + δ−1 ∂∂w′ so that ∂∂z ∧ ∂∂w = δ−p−1 ∂∂z′ ∧ ∂∂w′ . Then we have
G˜(z, w)δ−p−1 = G(δ−pz − δ−2pwp, δ−1w),
equivalently, we have∑
µ,v≥0
a˜µvδ
−p−1zµwv =
∑
m,n≥0
amn(δ
−pz − δ−2pwp)m(δ−1w)n
=
∑
m,n≥0
m∑
i=0
amn
(
m
i
)
(δ−pz)i(−δ−2pwp)m−i(δ−1w)n
⇐⇒
∑
µ,v≥0
a˜µvz
µwv =
∑
m,n≥0
m∑
i=0
amn
(
m
i
)
(−1)m−iδ−2pm+pi−n+p+1ziwp(m−i)+n
so that we obtain
a˜µv =
∑
m≥0
am,v+p(µ−m)
(
m
µ
)
(−1)m−µδ−pm−v+p+1
Hence we get
(id− f∗)Π =

 ∑
µ,v≥0

aµv −∑
m≥0
am,v+p(µ−m)
(
m
µ
)
(−1)m−µδ−pm−v+p+1

 zµwv

 ∂
∂z
∧ ∂
∂w
We note that if (µ, v) = (1, 1), then since m ≥ µ, v + p(µ −m) = 1 + p(1 −m) ≥ 0 so that m = 1, the
coefficient of zw is zero. Hence zw ∂∂z ∧ ∂∂w is not in im(id− f∗). Since dimCH1(X,∧2ΘX) = 1 by (4.2.24),
we have dimCM2 ≥ dimCH1(X,∧2ΘX). On the other hand, from (4.3.5), dimCM2 = dimC(imσ) ≤
dimCH
1(X,∧2ΘX) so that we obtain (4.3.8) and
M2 ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
4.3.4. Proof of (4.3.12).
Let us consider a Hopf surface of type IIb defined by f(z, w) = (αz + w,αw) with 0 < |α| < 1. We note
that f−1 : (z, w) 7→ (z′, w′) = (α−1z − α−2w,α−1w) = (α−1(z − α−1w), α−1w). Let us consider f∗θ in
(4.3.14). Since ∂∂z = α
−1 ∂
∂z′ , and
∂
∂w = −α−2 ∂∂z′ + α−1 ∂∂w′ , we have
g˜(z, w)α−1 + h˜(z, w)(−α−2) = g(α−1z − α−2w,α−1w)
h˜(z, w)α−1 = h(α−1z − α−2w,α−1w),
equivalently, we have∑
µ,v≥0
α−1a˜µvz
µwv +
∑
µ,v≥0
(−α−2)b˜µvzµwv =
∑
m,n≥0
amnα
−m(z − α−1w)mα−nwn(4.3.16)
∑
µ,v≥0
α−1b˜µvz
µwv =
∑
m,n≥0
bmnα
−m(z − α−1w)mα−nwn(4.3.17)
Let us consider (4.3.17). Then
∑
µ,v≥0
α−1b˜µvz
µwv =
∑
m,n≥0
m∑
i=0
bmn
(
m
i
)
zi(−α−1w)m−iα−n−mwn
=
∑
m,n≥0
m∑
i=0
bmn
(
m
i
)
(−1)m−iα−2m+i−nziwn+m−i
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so that we obtain
b˜µv =
∑
m≥0
bm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+1
On the other hand, let us consider (4.3.16). Then
∑
µ,v≥0
α−1a˜µvz
µwv +
∑
µ,v≥0
(−α−2)b˜µvzµwv =
∑
m,n≥0
m∑
i=0
amn
(
m
i
)
(−1)m−iα−2m+i−nziwn+m−i
so that we obtain
a˜µv = α
−1b˜µv +
∑
m≥0
am,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+1
=
∑
m≥0
bm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v +
∑
m≥0
am,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+1
Hence we get
(id− f∗)θ =

 ∑
µ,v≥0

aµv −∑
m≥0
bm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v −
∑
m≥0
am,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+1

 zµwv

 ∂
∂z
+

 ∑
µ,v≥0

bµv −∑
m≥0
bm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+1

 zµwv

 ∂
∂w
We note that if (µ, v) = (1, 0) in term ∂∂w , then since m ≥ µ and v −m+ µ = −m+ 1 ≥ 0, we get m = 1 so
that the coefficient of z is 0. Hence z ∂∂w is not in im(id− f∗). On the other hand, if (µ, v) = (1, 0) in term
∂
∂z , then m = 1 so that the coefficient of z in the term
∂
∂z is −b10α−1. If (µ, v) = (0, 1) in the term ∂∂w , then
since m ≥ µ and v −m+ µ = 1−m ≥ 0, we get m = 0, 1 so that the coefficient of w is b10α−1. Hence w ∂∂w
is not in im(id− f∗). Then z ∂∂w and w ∂∂w are linearly independent modulo im(id− f∗). We note that since
f∗(α
2z ∂∂w ) = (αz − w) ∂∂z + (α2z − αw) ∂∂w , we see that (αz − w) ∂∂z − αw ∂∂w ≡ 0 mod (id− f∗).
Since we have (4.3.7) (see [Weh81] Lemma 2 p.27), we obtain
M1 ∼= SpanC
〈
w
∂
∂w
, z
∂
∂w
〉
= SpanC
〈
(αz − w) ∂
∂z
+ αw
∂
∂w
, (αz − w) ∂
∂w
〉
Next let us consider f∗Π in (4.3.15). Then we have
G˜(z, w)α−2 = G(α−1(z − α−1w), α−1w),
equivalently, we have ∑
µ,v≥0
α−2c˜µvz
µwv =
∑
m,n≥0
cmnα
−m(z − α−1w)mα−nwn
so that we obtain
c˜µv =
∑
m≥0
cm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+2
Hence we get
(id− f∗)Π =

 ∑
µ,v≥0

cµv −∑
m≥0
cm,v−m+µ
(
m
µ
)
(−1)m−µα−m−v+2

 zµwv

 ∂
∂z
∧ ∂
∂w
We note that if (µ, v) = (2, 0), then since m ≥ µ and v −m+ µ = −m+ 2 ≥ 0, we have m = 2 so that the
coefficient of z2 is zero. Hence z2 ∂∂z ∧ ∂∂w is not in im(id− f∗). Since dimCH1(X,∧2ΘX) = 1 by (4.2.24),
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we have dimCM2 ≥ dimCH1(X,∧2ΘX). On the other hand, from (4.3.5), dimCM2 = dimC(imσ) ≤
dimCH
1(X,∧2ΘX) so that we obtain (4.3.8) and
M2 ∼= SpanC
〈
z2
∂
∂z
∧ ∂
∂w
〉
4.3.5. Proof of (4.3.13).
Let us consider a Hopf surface of type IIc defined by f(z, w) = (αz, δw) with 0 < |α| < |δ| < 1 and α 6= δp
for all p ∈ N. First let us consider f∗θ in (4.3.14). Then we have
g(z, w)α = g˜(αz, δw), h(z, w)δ = h˜(αz, δw),
equivalently, we have∑
µ,v≥0
αaµvz
µwv =
∑
µ,v≥0
αµδva˜µvz
µwv,
∑
µ,v≥0
δbµvz
µwv =
∑
µ,v≥0
αµδv b˜µvz
µwv.
so that we obtain
a˜µv = α
1−µδ−vaµv, b˜µv = α
−µδ1−vbµv.
Then we have
(id− f∗)θ =

 ∑
µ,v≥0
aµv(1 − α1−µδ−v)zµwv

 ∂
∂z
+

 ∑
µ,v≥0
bµv(1 − α−µδ−v)zµwv

 ∂
∂w
We see that z ∂∂z , w
∂
∂w are linearly independent modulo im(id − f∗). Since we have (4.3.7) (see [Weh81]
Lemma 2 p.27), we obtain
M1 ∼= SpanC
〈
z
∂
∂z
, w
∂
∂w
〉
Next let us consider f∗Π in (4.3.15). Then we have
G(z, w)αδ = G˜(αz, δw),
equivalently, we have ∑
µ,v≥0
αδcµvz
µwv =
∑
µ,v≥0
αµδv c˜µvz
µwv
so that we obtain
c˜µv = α
1−µδ1−vcµv
Then we have
(id− f∗)Π =

 ∑
µ,v≥0
cµv(1− α1−µδ1−v)zµwv

 ∂
∂z
∧ ∂
∂w
We note that the coefficient of zw is zero so that zw ∂∂z∧ ∂∂w is not in im(id−f∗). Hence since dimCH1(X,∧2ΘX) =
1 by (4.2.24), we have dimCM2 ≥ dimCH1(X,∧2ΘX). On the other hand, from (4.3.5), dimCM2 =
dimC(imσ) ≤ dimCH1(X,∧2ΘX) so that we obtain (4.3.8) and
M2 ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
This completes proof of Lemma 4.3.6. 
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4.4. Descriptions of ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)).
Let X be a Hopf surface. We keep the notations in the section 4.3 for an open covering U = {Ui} of X ,
and an open covering U˜ = {U˜i}, and so on.
Lemma 4.4.1. Let (X,Λ0) be any Poisson Hopf surface. From (4.3.4) and (4.3.5), we have a commutative
diagram
0 −−−−→ H0(X,∧2ΘX) −−−−→ H0(W,∧2ΘW ) id−f∗−−−−→ H0(W,∧2ΘW ) σ−−−−→ H1(X,∧2ΘX) −−−−→
[Λ0,−]
x [Λ0,−]x [Λ0,−]x [Λ0,−]x
0 −−−−→ H0(X,ΘX) −−−−→ H0(W,ΘW ) id−f∗−−−−→ H0(W,ΘW ) σ−−−−→ H1(X,ΘX) −−−−→
Proof. We show that second diagram commutes. Indeed, let a ∈ H0(W,ΘW ). Then
(id− f∗)([Λ0, a]) = [Λ0, a]− f∗([Λ0, a]) = [Λ0, a]− [f∗Λ0, f∗a] = [Λ0, a]− [Λ0, f∗a] = [Λ0, (id− f∗)a]
We show that third diagram commutes. First we recall how the connecting homomorphism σ is con-
structed. Let a ∈ H0(W,ΘW ). Then there exists {ai} ∈ C0(U˜ ,ΘW ) such that (id − f∗)({ai}) = a. Then
δ({ai}) = {aj − ai} ∈ C1(U˜ ,ΘW ) defines σ(a) in H1(X,ΘX). Then [Λ0, σ(a)] ∈ H1(X,∧2ΘX) is defined by
[Λ0, {aj − ai}] = {[Λ0, aj − ai]} ∈ C1(U˜ ,∧2ΘW ). On the other hand, since (id− f∗)([Λ0, {ai}]) = [Λ0, (id−
f∗)({ai})] = [Λ0, a], we see that σ([Λ0, a]) ∈ H1(X,∧2ΘX) is defined by δ([Λ0, {ai}]) = {[Λ0, aj − ai]} ∈
C1(U˜ ,∧2ΘW ) so that the third diagram commutes. 
By Lemma 4.4.1, (4.3.7) and (4.3.8), we have the following commutative diagram
coker(H0(W,∧2ΘW ) id−f∗−−−−→ H0(W,∧2ΘW ))
∼=−−−−→ H1(X,∧2ΘX)
[Λ0,−]
x [Λ0,−]x
coker(H0(W,ΘW )
id−f∗−−−−→ H0(W,ΘW ))
∼=−−−−→ H1(X,ΘX)
Then by Lemma 4.2.25, we obtain
Lemma 4.4.2. Let (X,Λ0) be any Poisson Hopf surface. Then we have
H
1(X,Θ•X)
(4.4.3)
∼= coker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
On the other hand, we have
H
2(X,Θ•X)
∼= coker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
(4.4.4)
Next we describe (4.2.28) in terms of the universal covering.
Lemma 4.4.5. The map H0(W,∧2ΘW )f ×H0(W,ΘW ) [−,−]−−−→ H0(W,∧2ΘW ) induces
H0(W,∧2ΘW )f ×H0(W,ΘW )/im(id− f∗) [−,−]−−−→ H0(W,∧2ΘW )/im(id− f∗)(4.4.6)
where H0(W,∧2ΘW )f ∼= H0(X,∧2ΘX) is the invariant bivector fields on W by the action generated by f .
Proof. Let us show that (4.4.6) is well-defined. Let a ∈ H0(W,∧2ΘW )f and b, c ∈ H0(W,ΘW ) with b− c =
(id− f∗)(d) for some d ∈ H0(W,ΘW ). Then [a, b]− [a, c] = [a, (id− f∗)d] = (id− f∗)([a, d]). 
Lemma 4.4.7. We have a commutative diagram
H0(X,∧2ΘX) × H1(X,ΘX) [−,−]−−−−→ H1(X,∧2ΘX)
∼=
y ∼=y ∼=y
H0(W,∧2ΘW )f × H0(W,ΘW )/im(id− f∗) [−,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
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Proof. Let a ∈ H0(W,∧2ΘW )f and b ∈ H0(W,ΘW ). Then there exists {bi} ∈ C0(U˜ ,ΘW ) such that
(id− f∗)({bi}) = b and the class b¯ ∈ H0(W,ΘW )/im(id− f∗) corresponds to {bj − bi} ∈ C1(U ,ΘX). Since
[a, {bj − bi}] = {[a, bj]− [a, bi]} and (id− f∗)([a, {bi}]) = [a, b], the diagram commutes. 
4.5. H1(X,Θ•X) and H
2(X,Θ•X) of Poisson Hopf surfaces (X,Λ0).
4.5.1. Hopf surfaces of type IV.
Let X be a Hopf surface of type IV, and Λ0 = (Az
2 +Bzw+Cw2) ∂∂z ∧ ∂∂w be a Poisson structure on X .
(1) if Λ0 = 0, then H
1(X,Θ•X) = H
0(X,ΘX)⊕H1(X,ΘX), and H2(X,Θ•X) = H1(X,∧2ΘX).
(2) if Λ0 = (Az
2 +Bzw + Cw2) ∂∂z ∧ ∂∂w 6= 0, then from (4.3.9), (4.2.1) and (4.2.2), we obtain
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈
z
∂
∂z
+ w
∂
∂w
, (Bz + Cw)
∂
∂z
−Az ∂
∂w
〉(4.5.1)
From (4.2.2) and (4.2.4), we see that dimC coker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) = 1. Hence from
(4.4.3), we have dimC H
1(X,Θ•X) = 3. On the other hand, from (4.4.4), (4.3.9), (4.2.1) and (4.2.2),
we have dimC H
2(X,Θ•X) = 1.
Lemma 4.5.2. Let X be a Hopf surface of type IV, and Λ0 = (Az
2+Bzw+Cw2) ∂∂z ∧ ∂∂w 6= 0 be a Poisson
structure on X. Assume that B2 − 4AC 6= 0, then we have
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
(Az2 +Bzw + Cw2)
∂
∂z
∧ ∂
∂w
〉
(4.5.3)
Proof. Let B2 − 4AC 6= 0. Assume that A 6= 0. Then from (4.2.1), (4.2.2) and (4.2.4), and
det


1 B 0 1
0 C 1 0
0 −A 0 0
1 0 0 0

 6= 0
Hence the image of H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX) is generated by
[Λ0, z
∂
∂z
] = (−Az2 + Cw2) ∂
∂z
∧ ∂
∂w
, [Λ0, w
∂
∂z
] = (−2Azw −Bw2) ∂
∂z
∧ ∂
∂w
By considering
det

−A 0 C0 −2A −B
A B C

 = −A(−2AC +B2) + C(2A2) = 4A2C −AB2 = A(4AC −B2) 6= 0,
we obtain (4.5.3).
On the other hand, assume that A = 0. From B2 − 4AC 6= 0, we have B 6= 0. Considering
det


1 B 0 0
0 C 0 1
0 A = 0 1 0
1 0 0 0

 6= 0,
we see that the image of H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX) is generated by
[Λ0, z
∂
∂w
] = (−Bz2 − 2Czw) ∂
∂z
∧ ∂
∂w
, [Λ0, w
∂
∂z
] = −Bw2 ∂
∂z
∧ ∂
∂w
Since we have
det

 0 0 −B−B −2C 0
A = 0 B C

 6= 0,
we obtain (4.5.3).

We summarize our computation in Table 6.
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4.5.2. Hopf surfaces of type III.
Let X be a Hopf surface of type III, and Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w be a Poisson structure on X .
(1) if Λ0 = 0, then H
1(X,Θ•X) = H
0(X,∧2ΘX)⊕H1(X,ΘX), and H2(X,Θ•X) = H1(X,∧2ΘX) so that
dimC H
1(X,Θ•X) = 5, and dimC H
2(X,Θ•X) = 2.
(2) if Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w , B 6= 0, then from (4.3.10), and (4.2.8), we obtain
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈
pz
∂
∂z
+ w
∂
∂w
,wp
∂
∂z
〉(4.5.4)
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
(4.5.5)
(3) if Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0, then from (4.3.10) and (4.2.8), we obtain
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈(
z +
B
A
wp
)
∂
∂z
,−pB
A
wp
∂
∂z
+ w
∂
∂w
〉(4.5.6)
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
(Azw +Bwp+1)
∂
∂z
∧ ∂
∂w
〉
(4.5.7)
We summarize our computation in Table 6.
4.5.3. Hopf surfaces of type IIa.
Let X be a Hopf surface of type IIa, and Λ0 = Aw
p+1 ∂
∂z ∧ ∂∂w be a Poisson structure on X . From (4.3.11),
and (id− f∗)(zw ∂∂z ∧ ∂∂w ) = δ−pwp+1 ∂∂z ∧ ∂∂w ,
[Awp+1
∂
∂z
∧
∂
∂w
, (δpz −wp)
∂
∂z
] = Aδpwp+1
∂
∂z
∧
∂
∂w
≡ 0 mod (id− f∗)
[wp+1
∂
∂z
∧
∂
∂w
,w
∂
∂w
] = −pwp+1
∂
∂z
∧
∂
∂w
≡ 0 mod im(id− f∗)
so that we have
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈
(δpz − wp) ∂
∂z
, w
∂
∂w
〉(4.5.8)
From (4.2.15), we see that
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
wp+1
∂
∂z
∧ ∂
∂w
〉
(4.5.9)
Hence from (4.4.3), we have dimC H
1(X,Θ•X) = 3. On the other hand, from (4.3.11), (4.4.4), we have
dimC H
2(X,Θ•X) = 1.
We summarize our computation in Table 6.
4.5.4. Hopf surfaces of type IIb.
Let X be a Hopf surface of type IIb, and Λ0 = Aw
2 ∂
∂z ∧ ∂∂w be a Poisson structure on X . Then from
(4.3.12), (4.2.18) and (id− f∗)(z2 ∂∂z ∧ ∂∂w ) = (2α−1zw − α−2w2) ∂∂z ∧ ∂∂w , we have
[Aw2
∂
∂z
∧
∂
∂w
, (αz − w)
∂
∂z
+ αw
∂
∂w
] = 0
[Aw2
∂
∂z
∧
∂
∂w
, (αz − w)
∂
∂w
] = A(−2αzw + w2)
∂
∂z
∧
∂
∂w
≡ 0 mod (id− f∗)
so that we have
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈
(αz − w) ∂
∂z
+ αw
∂
∂w
, (αz − w) ∂
∂w
〉(4.5.10)
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
w2
∂
∂z
∧ ∂
∂w
〉
(4.5.11)
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Type of Hopf surface X Poisson Structure Λ0 dimC H
0(X,Θ•X) dimC H
1(X,Θ•X) dimC H
2(X,Θ•X)
IV 0 4 7 3
IV (Az2 +Bzw +Cw2) ∂
∂z
∧ ∂
∂w
2 3 1
(A,B,C) 6= 0
III 0 3 5 2
III Bwp+1 ∂
∂z
∧ ∂
∂w
, B 6= 0 2 3 1
III (Azw +Bwp+1) ∂
∂z
∧ ∂
∂w
, A 6= 0 2 3 1
IIa Aw
p+1 ∂
∂z
∧ ∂
∂w
2 3 1
IIb Aw
2 ∂
∂z
∧ ∂
∂w
2 3 1
IIc Azw
∂
∂z
∧ ∂
∂w
2 3 1
Table 6.
Hence from (4.4.3), we have dimC H
1(X,Θ•X) = 3. On the other hand, from (4.3.12), (4.4.4), we have
dimC H
2(X,Θ•X) = 1.
We summarize our computation in Table 6.
4.5.5. Hopf surfaces of type IIc.
Let X be a Hopf surface of type IIc, and Λ0 = Azw
∂
∂z ∧ ∂∂w be a Poisson structure on X . Then from
(4.3.13) and (4.2.20), we have
ker
(
H0(W,ΘW )/im(id− f∗) [Λ0,−]−−−−→ H0(W,∧2ΘW )/im(id− f∗)
)
∼= SpanC
〈
z
∂
∂z
, w
∂
∂w
〉
(4.5.12)
coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) ∼= SpanC
〈
zw
∂
∂z
∧ ∂
∂w
〉
(4.5.13)
Hence from (4.4.3), we have dimC H
1(X,Θ•X) = 3. On the other hand, from (4.3.13), (4.4.4), we have
dimC H
2(X,Θ•X) = 1.
We summarize our computation in Table 6.
4.6. Obstructed and unobstructed Poisson deformations of Poisson Hopf surfaces.
In this subsection, we determine obstructedness or unobstructedness of Poisson Hopf surfaces except for
two classes of Poisson Hopf surfaces, namely (X,Λ0 = (Az
2 + Bzw + Cw2)) ∂∂z ∧ ∂∂w , 4AC − B2 = 0 where
X is a Hopf surface of type IV, and (X,Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w ), B 6= 0 where X is a Hopf surface of type III.
The author could not determine obstructedness or unobstructedness of those two classes of Poisson Hopf
surfaces in Poisson deformations (see Remark 4.12.1).
First we discuss obstructed Poisson Hopf surfaces.
Theorem 4.6.1. (X,Λ0 = 0) is obstructed in Poisson deformations if X is a Hopf surface of type IV or
type III.
Proof. Let (X,Λ0 = 0) be a Poisson Hopf surface of type IV. ThenH
1(X,Θ•X) = H
0(X,∧2ΘX)⊕H1(X,ΘX).
Choose A,B,C, d, e, f, g ∈ C such that
[(Az2 +Bzw + Cw2)
∂
∂z
∧ ∂
∂w
, (dz + ew)
∂
∂z
+ (fz + gw)
∂
∂w
]
=
(
(−Ad−Bf + gA)z2 + (−2Ae− 2Cf)zw + (Cd−Be− Cg)w2) ∂
∂z
∧ ∂
∂w
6= 0
Then from Table 4, (4.3.9), Lemma 4.2.25 and Lemma 4.4.7, (X,Λ0) is obstructed in Poisson deformations.
On the other hand, let (X,Λ0 = 0) be a Poisson Hopf surface of type III. Then H
1(X,Θ•X) =
H0(X,∧2ΘX)⊕H1(X,ΘX). Choose A,B, d, e, f ∈ C such that
[(Azw +Bwp+1)
∂
∂z
∧ ∂
∂w
, (dz + ewp)
∂
∂z
+ fw
∂
∂w
] = (Bd−Ae− pBf)wp+1 ∂
∂z
∧ ∂
∂w
6= 0
Then from Table 4, (4.3.10), and Lemma 4.2.25 and Lemma 4.4.7, (X,Λ0) is obstructed in Poisson defor-
mations. 
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Type Poisson S F
structures
IV 0
IV (Az2 + Bzw + Cw2) ∂
∂z
∧ ∂
∂w
S = {(α, β, t) ∈ C3 :
(
α+ βB βC
−βA α
)
∈ GL(2, C) F (z,w, α, β, t) =
4AC − B2 6= 0 has all eigenvalues of modulus < 1} ((α+ βB)z + βCw,−βAz + αw, α, β, t)
IV (Az2 + Bzw + Cw2) ∂
∂z
∧ ∂
∂w
4AC − B2 = 0
III 0
III Bwp+1 ∂
∂z
∧ ∂
∂w
, B 6= 0
III (Azw + Bwp+1) ∂
∂z
∧ ∂
∂w
, A 6= 0 S = {(α, δ, t) ∈ C3 : 0 < |α| < |δ| < 1} F (z,w, α, δ, t)
= (αz + B
A
(α− δp)wp, δw, α, δ, t)
IIa Aw
p+1 ∂
∂z
∧ ∂
∂w
S = {(α, δ, t) ∈ C3 : 0 < |α| < |δ| < 1} F (z,w, α, δ, t)
= (αz + wp, δw, α, δ, t)
IIb Aw
2 ∂
∂z
∧ ∂
∂w
S = {(α, β, t) ∈ C3 :
(
α 1
β α
)
∈ GL(2, C) has all eigenvalues of modulus < 1} F (z,w, α, β, t)
= (αz + w, βz + αw, α, β, t)
IIc Azw
∂
∂z
∧ ∂
∂w
S = {(α, δ, t) ∈ C3 :
(
α 0
0 δ
)
∈ GL(2, C), 0 < |α| < |δ| < 1} F (z,w, α, δ, t) = (αz, δw, α, δ, t)
Table 7.
Next we discuss unobstructed Poisson Hopf surfaces. We prove the following theorem which is an extension
of [Weh81] Theorem 2 p.28 in the context of Poisson deformations.
Theorem 4.6.2 (compare [Weh81] Theorem 2 p.28). Let (X,Λ0) be a Poisson Hopf surface except for
(X,Λ0 = 0), (X, (Az
2 + Bzw + Cw2) ∂∂z ∧ ∂∂w ), 4AC − B2 = 0, where X is a Hopf surface of type IV, and
(X,Λ0 = 0), (X,Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w ), B 6= 0, where X is a Hopf surface of type III. Then (X,Λ0) is
unobstructed in Poisson deformations:
Explicitly a Poisson analytic family
π : (Y,Λ0)→ (S, s0)
of deformations of an unobstructed Poisson Hopf surface π−1(s0) = (X =W/〈f〉,Λ0) such that the Poisson
Kodaira-Spencer map ϕs0 : Ts0S → H1(X,Θ•X) is an isomorphism at the distinguished point s0 can be
constructed as follows: The base S is a smooth manifold. There exist a holomorphic Poisson structure
Λ ∈ H0(W × S,∧2ΘW×S/S) on W × S and a biholomorphic Poisson map
(W × S,Λ)→ (W × S,Λ), (x, s) 7→ (F (x, s), s), f(x) = F (x, s0)
generating an infinite cyclic group G. This group acts properly discontinuous and without fixed points on
W × S and induces
π : (Y,Λ)→ (S, s0)
as canonical projection from the factor space (Y,Λ) = ((W ×S)/G,Λ). According to the type of X as defined
by Theorem 4.1.3, and Poisson structures as given by Table 4, the base S, the Poisson structure on W × S,
and the map
F :W × S →W
are given by the explicit formulas in Table 7 and Table 8:
Remark 4.6.3. We show that the Poisson structure Λ on W × S given by Table 8 in Theorem 4.6.2 is
invariant under the action G so that Λ is well-defined on Y =W × S/G.
4.6.1. Hopf surfaces of IV with Λ0 = (Az
2 +Bzw + Cw2) ∂∂z ∧ ∂∂w , 4AC −B2 6= 0.
We show that Λ = (1 + t)(Az2 + Bzw + Cw2) ∂∂z ∧ ∂∂w , 4AC − B2 6= 0 is invariant under the action
generated by F (z, w, α, β, t) = ((α+ βB)z + βCw,−βAz + αw, α, β, t). This follows from (4.2.7).
4.6.2. Hopf surfaces of III with Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0.
We show that Λ = (1+t)(Azw+Bwp+1) ∂∂z∧ ∂∂w is invariant under the action generated by F (z, w, α, δ, t) =
(αz+BA (α−δp)wp, δw, α, δ, t). We note that Fn(z, w, α, δ, t) = (z′, w′, α, δ, t) = (αnz+BA (αn−(δp)n)wp, δnw,α, δ, t).
Since ∂∂z ∧ ∂∂w = αnδn ∂∂z′ ∧ ∂∂w′ , and
(Azw +Bwp+1)αnδn = Aαnδnzw +B(αn − (δp)n)δnwp+1 +Bδn(p+1)wp+1
we see that Λ is an invariant bivector field under the action generated by F .
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type Poisson Poisson structure Λ Poisson
structures on W × S Deformations
IV 0 obstructed
IV (Az2 +Bzw +Cw2) ∂
∂z
∧ ∂
∂w
(1 + t)(Az2 +Bzw + Cw2) ∂
∂z
∧ ∂
∂w
unobstructed
4AC −B2 6= 0
IV (Az2 +Bzw +Cw2) ∂
∂z
∧ ∂
∂w
The author could not determine
4AC −B2 = 0
III 0 obstructed
III Bwp+1 ∂
∂z
∧ ∂
∂w
, B 6= 0 The author could not determine
III (Azw +Bwp+1) ∂
∂z
∧ ∂
∂w
, A 6= 0 (1 + t)(Azw +Bwp+1) ∂
∂z
∧ ∂
∂w
unobstructed
IIa Aw
p+1 ∂
∂z
∧ ∂
∂w
(A+ t)((α− δp)zw + wp+1) ∂
∂z
∧ ∂
∂w
unobstructed
IIb Aw
2 ∂
∂z
∧ ∂
∂w
(A+ t)(−βz2 + w2) ∂
∂z
∧ ∂
∂w
unobstructed
IIc Azw
∂
∂z
∧ ∂
∂w
(A+ t)zw ∂
∂z
∧ ∂
∂w
unobstructed
Table 8. continuation of Table 7, obstructed and unobstructed Poisson Hopf surfaces
4.6.3. Hopf surfaces of IIa with Λ0 = Aw
p+1 ∂
∂z ∧ ∂∂w .
We show that Λ = (A + t)((α − δp)zw + wp+1) ∂∂z ∧ ∂∂w is invariant under the action generated by
F (z, w, α, δ, t) = (αz+wp, δw, α, δ, t). We note that Fn(z, w, α, δ, t) = (z′, w′, α, δ, t) = (αnz+α
n−(δp)n
α−δp w
p, δnw).
Since ∂∂z ∧ ∂∂w = αnδn ∂∂z′ ∧ ∂∂w′ , and
(α− δp)αnδnzw + (αn − (δp)n)δnwp+1 + δn(p+1)wp+1 = ((α− δp)zw + wp+1)αnδn,
we see that Λ is an invariant bivector field under the action generated by F .
4.6.4. Hopf surface of IIb with Λ0 = Aw
2 ∂
∂z ∧ ∂∂w .
We show that Λ = (A+ t)(−βz2+w2) ∂∂z ∧ ∂∂w is invariant under the action generated by F (z, w, α, β, t) =
(αz + w, βz + αw, α, β, t) = (
(
α 1
β α
)(
z
w
)
, α, β, t). We note that
(
α 1
β α
)
= − 1
2β
(√
β 1
β −√β
)(
α+
√
β 0
0 α−√β
)(−√β −1
−β √β
)
Hence we have(
α 1
β α
)n
= − 1
2β
(√
β 1
β −√β
)(
(α+
√
β)n 0
0 (α−√β)n
)(−√β −1
−β √β
)
= − 1
2β
( −β(α+√β)n − β(α −√β)n −√β(α+√β)n +√β(α−√β)n
−β√β(α+√β)n + β√β(α−√β)n −β(α+√β)n − β(α −√β)n
)
Let C = − 12β (−β(α+
√
β)n − β(α−√β)n) and D = − 12β (−
√
β(α+
√
β)n +
√
β(α−√β)n).
Then we have (
α 1
β α
)n
=
(
C D
βD C
)
Then Fn(z, w, α, β, t) = (z′, w′, α, β, t) = (Cz +Dw, βDz + Cw,α, β, t). Since ∂∂z = C
∂
∂z′ + βD
∂
∂w′ and
∂
∂w = D
∂
∂z′ + C
∂
∂w′ so that
∂
∂z ∧ ∂∂w = (C2 − βD2) ∂∂z′ ∧ ∂∂w′ , and
−β(Cz +Dw)2 + (βDz + Cw)2 = −β(C2z2 + 2CDzw +D2w2) + β2D2z2 + 2βCDzw + C2w2
= −β(C2 − βD2)z2 + (C2 − βD2)w2 = (−βz2 + w2)(C2 − βD2),
we see that Λ is an invariant bivector field under the action generated by F .
4.6.5. Hopf surfaces of type IIc with Λ0 = Azw
∂
∂z ∧ ∂∂w .
It is clear that Λ0 = (A + t)zw
∂
∂z ∧ ∂∂w is invariant under the action generated by F (z, w, α, δ, t) =
(αz, δw, α, δ, t).
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4.6.6. Descriptions of Poisson Kodaira-Spencer maps.
We show how we can describe the Poisson Kodaira-Spencer map in the Poisson analytic family constructed
in Theorem 4.6.2 (see Table 7 and Table 8). We prove the following lemma which is an extension of [Weh81]
Lemma 3 p.29 in the context of Poisson analytic families.
Lemma 4.6.4 (compare [Weh81] Lemma 3 p.29). Under the hypotheses of Theorem 4.6.2, assume s ∈ S,
let
f : C2 → C2
be given by f(x) := F (x, s) = (F1(x, s), F2(x, s)), where x = (z, w) ∈ C2 and set X := W/〈f〉. Let
Λ = Λ(z, w, s) ∂∂z ∧ ∂∂w be the G-invariant bivector field on W × S with Λ ∈ H0(W × S,∧2ΘW×S/S) in
Theorem 4.6.2, and set Λs := Λ(z, w, s)
∂
∂z ∧ ∂∂w to be the Poisson structure on X for s ∈ S. Denote by
ρ : TsS → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λs,−]−−−−→ H0(W,∧2ΘX))⊕ ker(H1(X,ΘX) [Λs,−]−−−−→ H1(X,ΘX))
the Poisson Kodaira-Spencer map of the Poisson analytic family
π : (Y,Λ)→ S
at the base point s ∈ S. Then a linear map
τ : TsS → D ⊂ H0(W,∧2ΘW )⊕H0(W,ΘW )
can be defined by
τ(v)(x) :=
(
a
∂Λ
∂s
, a · tQ(f−1(x)) · ∂
∂x
)
where v = a ∂∂s ∈ TsS and Q(y) := ∂F∂s (y, s) =
(
∂F1
∂s (y, s)
∂F2
∂s (y, s)
)
, which renders the following diagram commutative
D ⊂ H0(W,∧2ΘW )⊕H0(W,ΘW ) σ // H1(X,Θ•X)
TsS
τ
OO
ρ
44
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
Here D := {(B,A) ∈ H0(W,∧2ΘW )⊕H0(W,ΘW ) : (id− f∗)(B) = [Λs, A]} a vector space, and σ is defined
in the following way: for (B,A) ∈ D, from (4.3.2) we choose {βi} ∈ C0(U˜ ,ΘW ) such that (id−f∗)({βi}) = A.
Then we define
D ⊂ H0(W,∧2ΘW )⊕H
0(W,ΘW )
σ
−→ H1(X,Θ•X)
(B,A) 7→ (B − [Λs, {βi}], {βj − βi}) ∈ C
0(U ,∧2ΘX)⊕ C
1(U ,ΘX)
Remark 4.6.5. We show that σ : D → H1(X,Θ•X) in Lemma 4.6.4 is well-defined. First we note that
B−[Λs, {βi}] defines an element in C0(U ,∧2ΘX) since (id−f∗)(B−[Λs, {βi}]) = 0, and (B−[Λs, {βi}], {βj−
βi}) defines 1-cocycle of the Cˇech resolusion (2.1.5) of Θ•X . We show that σ is independent of choice of
{βi}. Let {β′i} ∈ C0(U˜ ,ΘW ) such that (id − f∗)({β′i}) = A. Since (id − f∗)({βi − β′i}) = 0, we see that
{αi := βi − β′i} defines an element in C0(U ,ΘX). Then [Λs, {αi}] = B − [Λs, {β′i}] − (B − [Λs, {βi}]) and
−δ({αi}) = {αi − αj} = {β′j − β′i − (βj − βi)}.
Proof of Lemma 4.6.4. We use the coverings in the subsection 4.3 so that
U = (Ui)i∈I of X, and U˜ = (U˜i)i∈I of W
where
U˜i =
•⋃
m∈Z
fm(U ′i).
OBSTRUCTED AND UNOBSTRUCTED POISSON DEFORMATIONS 39
As in [Weh81] Lemma 3 p.29, if v = a ∂∂s ∈ TsS is given, we construct a family of projectable vector
fields η˜i ∈ Γ(U˜i,ΘW ), i ∈ I setting η˜i := a ∂∂s on U ′i , and η˜i := Gm∗ η˜i on fm(U ′i), m ∈ Z, where G(x, s) :=
(F (x, s), s), equivalently
G(z, w, s) = (F (z, w, s), s) = (F1, F2, s) = (F1(z, w, s), F2(z, w, s), s)
The explicit notation
(4.6.6) η˜i = (βi, a)
(
∂
∂x
∂
∂s
)
= (β1i , β
2
i , a)

 ∂∂z∂
∂w
∂
∂s


shows that we have defined a cochain
β =
(
βi
∂
∂x
)
=
(
β1i
∂
∂z
+ β2i
∂
∂w
)
∈ C0(U˜ ,ΘW )
From G∗η˜i = η˜i and
(4.6.7) ∂G :=
(
∂f
∂x Q
0 1
)
=

∂F1∂z ∂F1∂w ∂F1∂s∂F2
∂z
∂F2
∂w
∂F2
∂s
0 0 1


where
Q :=
∂F
∂s
=
(
∂F1
∂s
∂F2
∂s
)
follows the transformation law
(id− f∗)β = a · tQ(f−1) · ∂
∂x
(4.6.8)
⇐⇒ (id− f∗)
(
β1i
∂
∂z
+ β2i
∂
∂w
)
= a
(
∂F1
∂s
(f−1)
∂
∂z
+
∂F2
∂s
(f−1)
∂
∂w
)
On the other hand, since Λ = Λ(z, w, s) ∂∂z ∧ ∂∂w is invariant under F (z, w, s) = (F1, F2, s), we have
Λ(z, w, s)
(
∂F1
∂z
∂F2
∂w
− ∂F2
∂z
∂F1
∂w
)
= Λ(F1, F2, s).(4.6.9)
By applying a ∂∂s to both sides of (4.6.9), we obtain
(id− f∗)
(
a
∂Λ
∂s
)
= a
∂Λ
∂s
− f∗
(
a
∂Λ
∂s
)
= [Λs, a · tQ(f−1) · ∂
∂x
]
From (4.6.8) and (4.6.9), the 1-cocycle in Cˇech resolution of Θ•W
θ˜ = (θ˜ij) ∈ Z1(U˜ ,ΘW ) given by θ˜ij := (η˜j − η˜i) ∂
∂x
= (βj − βi) ∂
∂x
λ˜ = (λ˜i) ∈ C0(U˜ ,∧2ΘW ) given by λ˜i := a∂Λ
∂s
− [Λs, βi ∂
∂x
]
is invariant with respect to id− f∗ so that (λ˜, θ˜) defines the 1-cocycle (λ, θ) ∈ C0(U ,∧2ΘX)⊕C1(U ,ΘX) in
Cˇech resolution of Θ•X which represents the image of v = a
∂
∂s under ρ
(λ, θ) = ρ(v) ∈ H1(X,Θ•X)
of the Poisson Kodaira-Spencer map at s. By the definition of σ, we see that
ρ(v) = ρ
(
a
∂
∂s
)
= σ
(
a
∂Λ
∂s
, a · tQ(f−1) · ∂
∂x
)
∈ H1(X,Θ•X)

4.7. Proof of Theorem 4.6.2.
Now we prove Theorem 4.6.2 for each class of unobstructed Poisson Hopf surfaces given by Table 8.
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4.8. Hopf surfaces of type IV with Λ0 = (Az
2 +Bzw + Cw2) ∂∂z ∧ ∂∂w with 4AC −B2 6= 0.
Denote by (X,Λ0) = (W/〈f〉, (Az2 +Bzw + Cw2) ∂∂z ∧ ∂∂w ) where 4AC −B2 6= 0 a Poisson Hopf surface
of type IV defined by f(z, w) = (αz, αw) with 0 < |α| < 1.
We will show that the Poisson Kodaira-Spencer map of the Poisson analytic family in Table 7 and Table
8 defined by
(W × S/G, (1 + t)(Az2 +Bzw + Cw2) ∂
∂z
∧ ∂
∂w
),
where S = {(α, β, t) ∈ C3 :
(
α+ βB βC
−βA α
)
∈ GL(2,C) has all eigenvalues of modulus < 1},
F (z, w, α, β, t) = ((α + βB)z + βCw,−βAz + αw, α, β, t)
is an isomorphism at s0 = (α, 0, 0). Indeed, we note that f
−1(z, w) = (α−1z, α−1w) and
tQ =


∂F1
∂α
∂F2
∂α
∂F1
∂β
∂F2
∂β
∂F1
∂t
∂F1
∂t

 =

 z wBz + Cw −Az
0 0


so that by Lemma 4.6.4, ∂∂α ∈ Ts0S is mapped to
(
0, α−1z ∂∂z + α
−1w ∂∂w
) ∈ D, ∂∂β is sent to (0, (Bα−1z +
Cα−1w) ∂∂z − Aα−1z ∂∂z ) ∈ D, and ∂∂t is sent to ((Az2 + Bzw + Cw2, 0) ∂∂z ∧ ∂∂w , 0) ∈ D. Hence τ induces a
biholomorphic map
τ : Ts0S →M := SpanC
〈(
(Az2 +Bzw + Cw2)
∂
∂z
∧
∂
∂w
, 0
)〉
⊕
〈(
0, z
∂
∂z
+ w
∂
∂w
)
,
(
0, (Bz + Cw)
∂
∂z
− Az
∂
∂w
)〉
⊂ D
By Lemma 4.6.4, (4.5.1) and (4.5.3), the restriction
σ :M → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX)
is an isomorphism so that the Poisson Kodaira-Spencer map is an isomorphism at s0. Hence (X,Λ0) is
unobstructed in Poisson deformations .
4.9. Hopf surfaces of type III with Λ0 = (Azw +Bw
p+1) ∂∂z ∧ ∂∂w , A 6= 0.
Denote by (X,Λ0) = (W/〈f〉, (Azw + Bwp+1) ∂∂z ∧ ∂∂w , A 6= 0 a Hopf surface of type III defined by
f(z, w) = (δpz, δw) with constants 0 < |δ| < 1 and p ∈ N− {0, 1}. We will show that the Poisson Kodaira-
Spencer map of the Poisson analytic family in Table 7 and Table 8 defined by
(W × S/G,Λ = (1 + t)(Azw +Bwp+1) ∂
∂z
∧ ∂
∂w
)
where S = {(α, δ, t) ∈ C3 : |0 < |α| < |δ| < 1}, F ((z, w), α, δ, t) = (αz + B
A
(α − δp)wp, δw, α, δ, t)
is an isomorphism at s0 = (δ
p, δ, 0) ∈ S. Indeed, f−1(z, w) = (δ−pz, δ−1w) and
tQ =

∂F1∂α ∂F2∂α∂F1
∂δ
∂F2
∂δ
∂F1
∂t
∂F1
∂t

 =

 z + BAwp 0− pBA δp−1wp w
0 0


so that by Lemma 4.6.4, ∂∂α is sent to (0, ((δ
−pz) + BA (δ
−1w)p) ∂∂z ) = (0, δ
−p(z+ BAw
p) ∂∂z ) ∈ D, ∂∂δ is sent to
(0,− pBA δp−1(δ−1w)p ∂∂z + δ−1w ∂∂w ) = (0, δ−1(− pBA wp ∂∂z +w ∂∂w )) ∈ D and ∂∂t is sent to ((Azw+Bwp+1) ∂∂z ∧
∂
∂w , 0) ∈ D. Hence τ induces a biholomorphic map
τ : Ts0S →M := SpanC
〈(
(Azw +Bwp+1)
∂
∂z
∧
∂
∂w
, 0
)〉
⊕
〈(
0,
(
z +
B
A
wp
)
∂
∂z
)
,
(
0,−
pB
A
wp
∂
∂z
+w
∂
∂w
)〉
⊂ D
By Lemma 4.6.4, (4.5.6) and (4.5.7), the restriction
σ :M → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
is an isomorphism so that the Poisson Kodaira-Spencer map is an isomorphism at s0. Hence (X,Λ0) is
unobstructed in Poisson deformations.
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4.10. Hopf surfaces of type IIa with Λ0 = Aw
p+1 ∂
∂z ∧ ∂∂w .
Denote by (X,Λ0) = (W/〈f〉, Awp+1 ∂∂z ∧ ∂∂w ) a Poisson Hopf surface of type IIa defined by f(z, w) =
(δpz + wp, δw) with constants 0 < |δ| < 1 and p ∈ N− {0, 1}.
We will show that the Poisson Kodaira-Spencer map of the Poisson analytic family in Table 7 and Table
8 defined by
(W × S/G, (A+ t)((α − δp)zw + wp+1) ∂
∂z
∧ ∂
∂w
)
where S = {(α, δ, t) ∈ C2 : 0 < |α| < |δ| < 1}, F ((z, w), (α, δ, t)) = (αz + wp, δw, α, δ, t)
is an isomorphism at s0 = (δ
p, δ, 0) ∈ S. Indeed, we have f−1(z, w) = (δ−pz − δ−2pwp, δ−1w) and
tQ =

∂F1∂α ∂F2∂α∂F1
∂δ
∂F2
∂δ
∂F1
∂t
∂F1
∂t

 =

z 00 w
0 0


By Lemma 4.6.4, ∂∂α is sent to
(
Azw ∂∂z ∧ ∂∂w , (δ−pz − δ−2pwp) ∂∂z
) ∈ D, ∂∂δ is sent to (−pAδp−1zw ∂∂z ∧ ∂∂w , δ−1w ∂∂w ) ∈
D, and ∂∂t is sent to (w
p+1 ∂
∂z ∧ ∂∂w , 0) ∈ D. Hence τ induces a biholomorphic map
τ : Ts0S → M := SpanC
〈(
Azw
∂
∂z
∧
∂
∂w
, (δ
−p
z − δ
−2p
w
p
)
∂
∂z
)〉
⊕
〈(
−pAδ
p−1
zw
∂
∂z
∧
∂
∂w
, δ
−1
w
∂
∂w
)〉
⊕
〈(
w
p+1 ∂
∂z
∧
∂
∂w
, 0
)〉
⊂ D
By Lemma 4.6.4, (4.5.8) and (4.5.9), the restriction
σ|M → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX)).
is an isomorphism so that the Poisson Kodaira-Spencer map is an isomorphism at s0. Hence (X,Λ0) is
unobstructed in Poisson deformations.
4.11. Hopf surfaces of type IIb with Λ0 = Aw
2 ∂
∂z ∧ ∂∂w .
Denote by (X,Λ0) = (W/〈f〉, Aw2 ∂∂z ∧ ∂∂w ) a Poisson Hopf surface of type IIb defined by f(z, w) =
(αz + w,αw).
We will show that the Poisson Kodaira-Spencer map of the Poisson analytic family in Table 7 and Table
8 defined by
(W × S/G, (A+ t)(−βz2 + w2) ∂
∂z
∧ ∂
∂w
)
where S = {(α, β, t) ∈ C3 :
(
α 1
β α
)
∈ GL(2,C) has all eigenvalues of modulus < 1}
F (z, w, α, β, t) = (αz + w, βz + αw, α, β, t)
is an isomorphism at s0 = (α, 0, 0). Indeed, we have f
−1(z, w) = (α−1z − α−2w,α−1w) and
tQ =


∂F1
∂α
∂F2
∂α
∂F1
∂β
∂F2
∂β
∂F1
∂t
∂F1
∂t

 =

z w0 z
0 0


so that by Lemma 4.6.4, ∂∂α is sent to (0, (α
−1z − α−2w) ∂∂z + α−1w ∂∂w ) ∈ D, ∂∂β is sent to (−Az2 ∂∂z ∧
∂
∂w , (α
−1z − α−2w) ∂∂w ) ∈ D, and ∂∂t is sent to (w2 ∂∂z ∧ ∂∂w , 0) ∈ D. Hence τ induces a biholomorphic map
τ : Ts0S → M := SpanC
〈(
0,
(
α
−1
z − α
−2
w
) ∂
∂z
+ α
−1
w
∂
∂w
)〉
⊕
〈(
−Az
2 ∂
∂z
∧
∂
∂w
,
(
α
−1
z − α
−2
w
) ∂
∂w
)〉
⊕
〈(
w
2 ∂
∂z
∧
∂
∂w
, 0
)〉
⊂ D
By Lemma 4.6.4, (4.5.10) and (4.5.11), the restriction
σ :M → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
is an isomorphism so that the Poisson Kodaira-Spencer map is an isomorphism at s0. Hence (X,Λ0) is
unobstructed in Poisson deformations.
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4.12. Hopf surfaces of type IIc with Λ0 = Azw
∂
∂z ∧ ∂∂w .
Denote by (X,Λ0) = (W/〈f〉, Azw ∂∂z ∧ ∂∂w ) a Poisson Hopf surface IIc defined by f(z, w) = (αz, δw) with
0 < |α| < |δ| < 1. We will show that the Poisson Kodaira-Spencer map of the Poisson Kodaira-Spencer map
of the Poisson analytic family in Table 7 and Table 8 defined by
(W × S/G, (A+ t)zw ∂
∂z
∧ ∂
∂w
)
where S = {(α, δ, t) ∈ C : 0 < |α| < |δ| < 1}, F (z, w, α, δ, t) = (αz, δw, α, δ, t)
is an isomorphism at s0 = (α, δ, 0). Indeed, we have f
−1(z, w) = (α−1z, δ−1w) and
tQ =

∂F1∂α ∂F2∂α∂F1
∂δ
∂F2
∂δ
∂F1
∂t
∂F1
∂t

 =

z 00 w
0 0


so that by Lemma 4.6.4, ∂∂α is sent to (0, α
−1z ∂∂z ) ∈ D, ∂∂δ is sent to (0, δ−1w ∂∂w ) ∈ D, and ∂∂t is sent to
(zw ∂∂z ∧ ∂∂w , 0) ∈ D. Hence τ induces a biholomorphic map
τ : Ts0S →M := spanC
〈(
0, α−1z
∂
∂z
)〉
⊕
〈(
0, δ−1w
∂
∂w
)〉
⊕
〈(
zw
∂
∂z
∧ ∂
∂w
, 0
)〉
⊂ D
By Lemma 4.6.4, (4.5.12), and (4.5.13), the restriction
σ :M → H1(X,Θ•X) ∼= coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
is an isomorphism so that the Poisson Kodaira-Spencer map is an isomorphism at s0. Hence (X,Λ0) is
unobstructed in Poisson deformations.
Remark 4.12.1. The author could not determine unobstructedness or obstructedness in Poisson deforma-
tions for the cases (IV,Λ0 = (Az
2 + Bzw + Cw2) ∂∂z ∧ ∂∂w 6= 0) with 4AC − B2 = 0 , and (III,Λ0 =
Bwp+1 ∂∂z ∧ ∂∂w ) with B 6= 0. As one can check, we cannot use Lemma 4.2.25 in order to show obstructed-
ness.
In each case, when we ignore Poisson structures, we can construct a complex analytic family such that
the Kodaira-Spencer map is an isomorphism to ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)) in the following:
(1) Let (IV,Λ0 = (Az
2+Bzw+Cw2) ∂∂z ∧ ∂∂w 6= 0) with 4AC−B2 = 0. Consider (W ×S′, S′)/〈F 〉 where
F (z, w, α, β) = ((α + βB)z + βCw,−βAz + αw, α, β) and S′ = {(α, β) ∈ C2 :
(
α+ βB βC
−βA α
)
∈
GL(2,C) has all eigenvalues of modulus < 1}. Then the Kodaira-Spencer map of the complex an-
alytic family is isomorphic to ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)). The question is whether we
can construct a Poisson analytic family using F (z, w, α, β) in a way that the Poisson Kodaira-
Spencer map is an isomorphism at the distinguished point. But this is impossible. For example
let us consider Λ0 = z
2 ∂
∂z ∧ ∂∂w . We may assume that F (z, w) = (αz, βz + αw). We note that(
α 0
β α
)n
=
(
αn 0
nαn−1β αn
)
. Hence the invariant bivector field is of the form Dz2 ∂∂z ∧ ∂∂w under
the action generated by F . Let us consider the Poisson analytic family defined by
(W × S/〈F 〉, g(t)z2 ∂
∂z
∧ ∂
∂w
, S),
F : (z, w, α, β, t) 7→ ((αz, βz + αw, α, β, t)(4.12.2)
S = {(α, β, t) ∈ C3 :
(
α 0
β α
)
∈ GL(2,C) has all eigenvalues of modulus < 1}, g(0) = A
But in this case, the Poisson Kodaira-Spencer map is not an isomorphism at 0 since ∂∂t is sent
to (g′(0)z2 ∂∂z ∧ ∂∂w , 0) ∈ D which defines the 0 class in H1(X,Θ•X). We cannot construct a Pois-
son analytic family of deformations of (X,Λ0) such that the Poisson Kodaira-Spencer map is an
isomorphism by using the F (z, w, α, β, t) in (4.12.2).
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(2) Let (III,Λ0 = Bw
p+1 ∂
∂z ∧ ∂∂w ) with B 6= 0. Consider (W × S′, S′)/〈F 〉 where F (z, w, δ, λ) =
(δpz + λwp, δw, δ, λ) and S′ = {(δ, λ) ∈ C2 : 0 < |δ| < 1}. Then the Kodaira-Spencer map of
the complex analytic family is isomorphic to ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)). However we
cannot construct a Poisson analytic family using F (z, w, δ, λ) such that the Poisson Kodaira-Spencer
map is an isomorphism at (δ, 0). We note that Fn is given by
(z, w, δ, λ) 7→ (z′, w′, δ, λ) = (δnpz + λnδ(n−1)pwp, δnw, δ, λ)
Since ∂∂z = δ
np ∂
∂z′ , and
∂
∂w = pλnδ
(n−1)pwp−1 ∂∂z′ + δ
n ∂
∂w′ and so
∂
∂z ∧ ∂∂w = δp(n+1) ∂∂z′ ∧ ∂∂w′ ,
the invariant bivector field under the action generated by F is of the form Dwp+1 ∂∂z ∧ ∂∂w . Let us
consider the Poisson analytic family
(W × S/〈F 〉, g(t)wp+1 ∂
∂z
∧ ∂
∂w
, S),
F : (z, w, δ, λ, t) 7→ (δpz + λwp, δw, δ, λ, t)(4.12.3)
S = {(δ, λ, t) ∈ C3 : 0 < |δ| < 1}, g(0) = A
But in this case, the Poisson Kodaira-Spencer map is not isomorphism at s = (δ, 1, 0) since ∂∂t is
sent to (g′(0)wp+1 ∂∂z ∧ ∂∂w , 0) ∈ D which defines the 0 class in H1(X,Θ•X). We cannot construct a
Poisson analytic family of deformations of (X,Λ0) such that the Poisson Kodaira-Spencer map is an
isomorphism by using the F (z, w, δ, λ, t) in (4.12.3).
5. Product of two nonsingular projective curves
In this section, we study Poisson deformations of X = C1×C2 where C1 and C2 are nonsingular projective
curves with genera g(C1) = g1 and g(C2) = g2 respectively. Since X has only trivial Poisson structure for
g1 ≥ 2 or g2 ≥ 2, we only consider g1 ≤ 1 and g2 ≤ 1. In this case, we show that (X = C1 × C2,Λ0) are
unobstructed in Poisson deformations except for (E × P1
C
,Λ0 = 0) where E is an elliptic curve.
5.1. Description of cohomology groups Hi(X,∧jΘX) on X.
Let C1 and C2 be two nonsingular projective curves with genera g(C1) = g1 and g(C2) = g2 respectively.
Let X := C1 × C2. We describe the cohomology groups Hi(X,∧jΘX), i = 0, 1, 2, j = 1, 2. Let π1 : X → C1
and π2 : X → C2 be two natural projections. Then we have ΘX = π∗1ΘC1⊕π∗2ΘC2 and ∧2ΘX = π∗1ΘC1⊗OX
π∗2ΘC2 . By Ku¨nneth formula, we have
H0(X,ΘX) ∼= H0(C1,ΘC1)⊕H0(C2,ΘC2)
(5.1.1)
H1(X,ΘX) ∼= H1(C1,ΘC1)⊕
(
H0(C1,ΘC1)⊗H1(C2,OC2)
)⊕ (H1(C1,OC1)⊗H0(C2,ΘC2))⊕H1(C2,ΘC2)
H2(X,ΘX) ∼=
(
H1(C1,ΘC1)⊗H1(C2,OC2)
)⊕ (H1(C1,OC1)⊗H1(C2,ΘC2))
H0(X,∧2ΘX) ∼= H0(C1,ΘC1)⊗H0(C2,ΘC2)
H1(X,∧2ΘX) ∼=
(
H1(C1,ΘC1)⊗H0(C2,ΘC2)
)⊕ (H0(C1,ΘC1)⊗H1(C2,ΘC2))
H2(X,∧2ΘX) ∼= H1(C1,ΘC1)⊗H1(C2,ΘC2)
5.2. Poisson deformations of X = C1 × C2.
If g1 ≥ 2 or g2 ≥ 2, we have H0(X,∧2ΘX) = 0 so that we only consider (g1, g2) = (0, 0), (0, 1), (1, 1).
(1) When g1 = 0, g2 = 0, we have X = P
1
C
× P1
C
∼= F0. In this case, (X,Λ0) is unobstructed in Poisson
deformations for any holomorphic Poisson structure as we showed in Table 1.
(2) When g1 = 1, g2 = 1, we have X = E1 × E2, where E1, E2 are elliptic curves. In this case, (X,Λ0)
is unobstructed in Poisson deformations by Example 3.
(3) When g1 = 1, g2 = 0, we have X = E × P1C where E is an elliptic curve. In the next subsection, we
show that (X,Λ0) is unobstructed in Poisson deformations for Λ0 6= 0, and (X,Λ0 = 0) is obstructed
in Poisson deformations.
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5.3. Poisson deformations of E × P1
C
where E is an elliptic curve.
Let E = C/G be an elliptic curve, where G is the free abelian group generated by non-degenerate period
ωj , j = 1, 2 and where, if z is the coordinate of C, ωj ∈ G operates on G by sending z into z + ωj . Let
X := E × P1
C
, and ξ is the inhomogenous coordinate of P1
C
. Then from (5.1.1) we have
(1) dimCH
0(X,ΘX) = 4 and any element of H
0(X,ΘX) has an unique representation of the form
a0
∂
∂z
+ (a1 + a2ξ + a3ξ
2)
∂
∂ξ
, where a0, a1, a2, a3 ∈ C.(5.3.1)
(2) dimCH
1(X,ΘX) = 4 and any element of H
1(X,ΘX) has an unique representation of the form
x0
∂
∂z
dz¯ + (x1 + x2ξ + x3ξ
2)
∂
∂ξ
dz¯, where x0, x1, x2, x3 ∈ C.(5.3.2)
(3) dimCH
2(X,ΘX) = 0.
(4) dimCH
0(X,∧2ΘX) = 3 and any element of H0(X,∧2ΘX) has an unique representation of the form
(b0 + b1ξ + b2ξ
2)
∂
∂z
∧ ∂
∂ξ
, where b0, b1, b2 ∈ C.(5.3.3)
(5) dimCH
1(X,∧2ΘX) = 3 and any element of H1(X,∧2ΘX) has an unique representation of the form
(x0 + x1ξ + x2ξ
2)
∂
∂z
∧ ∂
∂ξ
dz¯, where x0, x1, x2 ∈ C.(5.3.4)
(6) dimCH
2(X,∧2ΘX) = 0.
By (5.3.3), let us consider a holomorphic Poisson structure on X = E × P1
C
given by
Λ0 = (A+Bξ + Cξ
2)
∂
∂z
∧ ∂
∂ξ
for some constant A,B,C ∈ C. As in Lemma 3.1.6, we have
Lemma 5.3.5. Let (X = E × P1
C
,Λ0) where E is an elliptic curve. Then
H
0(X,Θ•X)
∼= ker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))
H
1(X,Θ•X)
∼= coker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
H
2(X,Θ•X)
∼= coker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2X))
(X,Λ0) is obstructed in Poisson deformations if for some a, b where a ∈ H0(X,∧2ΘX) and b ∈ ker(H1(X,ΘX) [Λ0,−]−−−−→
H1(X,∧2ΘX)), under the following map
[−,−] : H0(X,∧2ΘX)×H1(X,ΘX)→ H1(X,∧2ΘX)
[a, b] ∈ H1(X,∧2ΘX) is not in the image of H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX).
We will describe the first cohomology group
H
1(X,Θ•X)
∼= coker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX)).(5.3.6)
Let us describe H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX) in (5.3.6). We compute, from (5.3.2) and (5.3.4),
[Λ0, x0
∂
∂z
dz¯ + (x1 + x2ξ + x3ξ
2)
∂
∂ξ
dz¯] = [(A+Bξ + Cξ2)
∂
∂z
∧
∂
∂ξ
, x0
∂
∂z
+ (x1 + x2ξ + x3ξ
2)
∂
∂ξ
]dz¯
= (−Bx1 + Ax2 + 2(−Cx1 + Ax3)ξ + (−Cx2 +Bx3)ξ
2)
∂
∂z
∧
∂
∂ξ
dz¯
We represent the above computation in the matrix form with respect to bases (5.3.2) and (5.3.4)
(5.3.7) Mx :=

0 −B A 00 −2C 0 2A
0 0 −C B




x0
x1
x2
x3

 =

 −Bx1 +Ax2−2Cx1 + 2Ax3
−Cx2 +Bx3


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On the other hand, let us describe H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX) in (5.3.6), we compute, from (5.3.1)
and (5.3.3)
[Λ0, a0
∂
∂z
+ (a1 + a2ξ + a3ξ
2)
∂
∂ξ
] = [(A+Bξ +Cξ2)
∂
∂z
∧
∂
∂ξ
, a0
∂
∂z
+ (a1 + a2ξ + a3ξ
2)
∂
∂ξ
]
= (−Ba1 + Aa2 + 2(−Ca1 + Aa3)ξ + (−Ca2 +Ba3)ξ
2)
∂
∂z
∧
∂
∂ξ
which is represented by the matrix form with respect to bases (5.3.1) and (5.3.3)
(5.3.8) Ma :=

0 −B A 00 −2C 0 2A
0 0 −C B




a0
a1
a2
a3

 =

 −Ba1 +Aa2−2Ca1 + 2Aa3
−Ca2 +Ba3


We note that since det

 −B A 0−2C 0 2A
0 −C B

 = 0, rank(M) cannot be 3, and we see that if A = B = C = 0,
rank(M) = 0, and if not, rank(M) = 2. When Λ0 6= 0, the kernel of M in (5.3.7) and (5.3.8) is given by

x0
x1
x2
x3

 or


a0
a1
a2
a3

 = t1


1
0
0
0

+ t2


0
A
B
C

 t1, t2 ∈ C.
We are ready to describeH1(X,Θ•X) in terms of (5.3.6) and determine obstructedeness or unobstructedness
of Poisson deformations for the following two cases: (1) (A,B,C) 6= 0, and (2) A = B = C = 0. We note
that for the case (1), since rank(M) = 2, we have dimC coker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) = 1,
dimC ker(H
1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)) = 2 so that H1(X,Θ•X) = 3, and H2(X,Θ•X) = 1 by Lemma
5.3.5. We will show that for the case (1), Poisson deformations of (E × P1,Λ0 = (A + Bξ + Cξ2) ∂∂z ∧ ∂∂ξ )
is unobstructed even though we have H2(X,Θ•X) = 1 6= 0. We will show the unobstructedness by finding
β(t) ∈ A0,0(X,∧2ΘX) ⊕ A0,1(X,ΘX) satisfying Lβ(t) + 12 [β(t), β(t)] = 0, where L = ∂¯ − +[Λ0,−], which
defines a Poisson analytic family of deformations of (X,Λ0) such that the Poisson Kodaira-Spencer map is
an isomorphism at t = 0 (see Remark 2.1.8). On the other hand, we show that the case (2) (X,Λ0 = 0) is
obstructed in Poisson deformations.
5.3.1. The case of (A,B,C) 6= 0.
We note that ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)) is given by
t1
∂
∂z
dz¯ + t2(A+Bξ + Cξ
2)
∂
∂ξ
dz¯, t1, t2 ∈ C(5.3.9)
Since coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) = 1, choose (F0, F1, F2) 6= 0 ∈ C3 such that
(F0 + F1ξ + F2ξ
2)
∂
∂z
∧ ∂
∂ξ
(5.3.10)
is not in the image of H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX) so that (F0 +F1ξ+F2ξ2) ∂∂z ∧ ∂∂ξ is a representative
of the coker(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). Then by Lemma 5.3.5,
H
1(X,ΘX) =
〈
(F0 + F1ξ + F2ξ
2)
∂
∂z
∧ ∂
∂ξ
〉
⊕
〈
∂
∂z
dz¯, (A+Bξ + Cξ2)
∂
∂ξ
dz¯
〉
We set α(t) := t0(F0+F1ξ+F2ξ
2) ∂∂z ∧ ∂∂ξ + t1 ∂∂zdz¯+ t2(A+Bξ+Cξ2) ∂∂ξdz¯ ∈ A0,0(X,∧2ΘX)⊕A0,1(X,ΘX).
Then we have
Lα(t) +
1
2
[α(t), α(t)] = −t0t2[Λ0, (F0 + F1ξ + F2ξ2) ∂
∂ξ
dz¯]
where L = ∂¯ −+[Λ0,−].
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Type Poisson structure Λ0 Poisson deformations
P1
C
× P1
C
any Poisson structure unobstructed
E1 × E2 where g(E1) = g(E2) = 1 any Poisson structure unobstructed
E × P1
C
where g(E) = 1 Λ0 6= 0 unobstructed
E × P1
C
where g(E) = 1 Λ0 = 0 obstructed
Table 9. Poisson deformations of product of two projective nonsingular curves
Now we take β(t) := α(t) + t0t2(F0 + F1ξ + F2ξ
2) ∂∂ξdz¯. Then we have
Lβ(t) +
1
2
[β(t), β(t)] = 0
Hence β(t) defines a Poisson analytic family of deformations of (X,Λ0) such that the Poisson Kodaira
Spencer map is an isomorphism at t = 0 so that (X,Λ0) is unobstructed in Poisson deformations.
5.3.2. The case of A = B = C = 0.
We show that (E×P1
C
,Λ0 = 0) is obstructed in Poisson deformations. Since Λ0 = 0, we have H
1(X,Θ•X) =
H0(X,∧2ΘX)⊕H1(X,ΘX). Consider ( ∂∂z ∧ ∂∂ξ , ξ ∂∂ξdz¯) ∈ H0(X,∧2ΘX)⊕H1(X,ΘX). Then
[
∂
∂z
∧ ∂
∂ξ
, ξ
∂
∂ξ
dz¯] =
∂
∂z
∧ ∂
∂ξ
dz¯ 6= 0
so that (E × P1
C
,Λ0 = 0) is obstructed in Poisson deformations by Lemma 5.3.5.
We summarize Poisson deformations of product of two projective nonsingular curves in Table 9.
6. T × P1
C
, where T is a complex torus with dimension 2
In this section, we study Poisson deformations of T × P1
C
where T is a complex torus with dimension
2. It is known that X = T × P1
C
is obstructed in complex deformations (see [KS58] p.436). In this section,
we determine obstructedness and unobstructedness in Poisson deformations for any Poisson structure on
X . In particular, we show that there exist holomorphic Poisson structures Λ0 on X such that (X,Λ0) are
unobstructed in Poisson deformations. T × P1
C
provides examples which are
(1) obstructed in complex deformations, but unobstructed in Poisson deformations.
(2) obstructed in complex deformations, and obstructed in Poisson deformations.
6.1. Descriptions of cohomology groups Hi(X,∧jΘX) on X.
Let T = C2/G is a complex torus with dimension 2, where G is the free abelian group generated by
non-degenerate periods ωj = (ωj1, ωj2), j = 1, 2, 3, 4 and where, if (z1, z2) are the coordinates of C
2, ωj ∈ G
operates on C2 by sending z = (z1, z2) into z + ωj = (z1 + ωj1, z2 + ωj2). Let X := T × P1C, and ξ is the
inhomogenous coordinate of P1
C
.
We describe cohomology groups Hi(X,∧jΘX), (i, j) = (0, 1), (1, 1), (2, 1), (0, 2), (1, 2), (2, 2), (0, 3), (1, 3)
on X . Let π1 : X → T and π2 : X → P1C be the natural projections. Then we have ΘX = π∗1ΘT ⊕ π∗2ΘP1C ,
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∧2ΘX = π∗1 ∧2 ΘT ⊕ π∗1ΘT ⊗OX π∗2ΘP1
C
and ∧3ΘX = π∗1 ∧2 ΘT ⊗OX π∗2ΘP1
C
. By Ku¨nneth formula, we have
H0(X,ΘX) ∼= H0(T,ΘT )⊕H0(P1C,ΘP1
C
)
H1(X,ΘX) ∼= H1(T,ΘT )⊕
(
H0(P1C,ΘP1
C
)⊗H1(T,OT )
)
H2(X,ΘX) ∼= H2(T,ΘT )⊕
(
H0(P1C,ΘP1
C
)⊗H2(T,OT )
)
H0(X,∧2ΘX) ∼= H0(T,∧2ΘT )⊕
(
H0(P1C,ΘP1
C
)⊗H0(T,ΘT )
)
H1(X,∧2ΘX) ∼= H1(T,∧2ΘT )⊕
(
H0(P1C,ΘP1
C
)⊗H1(T,ΘT )
)
H2(X,∧2ΘX) ∼= H2(T,∧2ΘT )⊕
(
H0(P1C,ΘP1
C
)⊗H2(T,ΘT )
)
H0(X,∧3ΘX) ∼= H0(P1C,ΘP1
C
)⊗H0(T,∧2ΘT )
H1(X,∧3ΘX) ∼= H0(P1C,ΘP1
C
)⊗H1(T,∧2ΘT )
Hence we have
(1) dimCH
0(X,ΘX) = 5 and any element of H
0(X,ΘX) has an unique representation of the form
α
∂
∂z1
+ β
∂
∂z2
+ (γ1 + γ2ξ + γ2ξ
2)
∂
∂ξ
, where α, β, γ1, γ2, γ3 ∈ C(6.1.1)
(2) dimCH
1(X,ΘX) = 10 and any element of H
1(X,ΘX) has an unique representation of the form
(
r0
∂
∂z1
+ r1
∂
∂z2
)
dz¯1 +
(
s0
∂
∂z1
+ s1
∂
∂z2
)
dz¯2+(w0 + w1ξ + w2ξ
2)
∂
∂ξ
dz¯1 + (v0 + v1ξ + v2ξ
2)
∂
∂ξ
dz¯2,
(6.1.2)
where r0, r1, s0, s1, w0, w1, w2, v0, v1, v2 ∈ C.
(3) dimCH
2(X,ΘX) = 5 and any element of H
2(X,ΘX) has an unique representation of the form(
f0
∂
∂z1
+ f1
∂
∂z2
+ (g0 + g1ξ + g2ξ
2)
∂
∂ξ
)
dz¯1 ∧ dz¯2, where f0, f1, g0, g1, g2 ∈ C.(6.1.3)
(4) dimCH
0(X,∧2ΘX) = 7 and any element of H0(X,∧2ΘX) has an unique representation of the form
a
∂
∂z1
∧ ∂
∂z2
+ (b0 + b1ξ + b2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ (c0 + c1ξ + c2ξ
2)
∂
∂ξ
∧ ∂
∂z1
, a, b0, b1, b2, c0, c1, c2 ∈ C.(6.1.4)
(5) dimCH
1(X,∧2ΘX) = 14 and any element of H1(X,∧2ΘX) has an unique representation of the form
x0
∂
∂z1
∧ ∂
∂z2
dz¯1 + x1
∂
∂z1
∧ ∂
∂z2
dz¯2 + (x2 + x3ξ + x4ξ
2)
∂
∂z1
∧ ∂
∂ξ
dz¯1 + (x5 + x6ξ + x7ξ
2)
∂
∂z2
∧ ∂
∂ξ
dz¯1
(6.1.5)
+(x8 + x9ξ + x10ξ
2)
∂
∂z2
∧ ∂
∂ξ
dz¯2 + (x11 + x12ξ + x12ξ
2)
∂
∂z1
∧ ∂
∂ξ
dz¯2
where x0, x1, x2, x3, x4, x5, x6, x7, x8, x9, x10, x11, x12, x13 ∈ C
(6) dimCH
2(X,∧2ΘX) = 7 and any element of H1(X,∧2ΘX) has an unique representation of the form(
h0
∂
∂z1
∧ ∂
∂z2
+ (p0 + p1ξ + p2ξ
2)
∂
∂z1
∧ ∂
∂ξ
+ (q0 + q1ξ + q2ξ
2)
∂
∂z2
∧ ∂
∂ξ
)
dz¯1 ∧ dz¯2(6.1.6)
where h0, p0, p1, p2, q0, q1, q2 ∈ C.
(7) dimCH
0(X,∧3ΘX) = 3 and any element of H0(X,∧3ΘX) has an unique representation of the form
(e0 + e1ξ + e2ξ
2)
∂
∂z1
∧ ∂
∂z2
∧ ∂
∂ξ
, where e0, e1, e2 ∈ C.(6.1.7)
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(8) dimCH
1(X,∧3ΘX) = 6 and any element of H1(X,∧3ΘX) has an unique representation of the form
(y0 + y1ξ + y2ξ
2)
∂
∂z1
∧ ∂
∂z2
∧ ∂
∂ξ
dz¯1 + (y3 + y4ξ + y5ξ
2)
∂
∂z1
∧ ∂
∂z2
∧ ∂
∂ξ
dz¯2(6.1.8)
where y0, y1, y2, y3, y4, y5 ∈ C.
6.2. Holomorphic Poisson structures on X = T × P1
C
.
We describe holomorphic Poisson structures on X . As in (6.1.4), an element Λ0 ∈ H0(X,∧2ΘX) is of the
form
Λ0 = a
∂
∂z1
∧ ∂
∂z2
+ (b0 + b1ξ + b2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ (c0 + c1ξ + c2ξ
2)
∂
∂ξ
∧ ∂
∂z1
where a, b0, b1, b2, c0, c1, c2 ∈ C. We set
P1 := a
P2 := b0 + b1ξ + b2ξ
2
P3 := c0 + c1ξ + c2ξ
2.
Then Λ0 defines a holomorphic Poisson structure on X if and only if [Λ0,Λ0] = 0 if and only if
P1
(
∂P3
∂z1
− ∂P2
∂z2
)
+ P2
(
∂P1
∂z2
− ∂P3
∂ξ
)
+ P3
(
∂P2
∂ξ
− ∂P1
∂z1
)
= 0
⇐⇒ b1c0 − b0c1 = 0, b2c0 − b0c2 = 0, b2c1 − b1c2 = 0
Hence we can divide holomorphic Poisson structures on X = T × P1
C
into three classes
(1) Λ0 = D
∂
∂z1
∧ ∂∂z2 , D ∈ C
(2) Λ0 = D
∂
∂z1
∧ ∂∂z2 + (A+Bξ +Cξ2) ∂∂z2 ∧ ∂∂ξ + k(A+Bξ +Cξ2) ∂∂ξ ∧ ∂∂z1 , D ∈ C, (A,B,C) 6= 0 ∈ C3,
k ∈ C
(3) Λ0 = D
∂
∂z1
∧ ∂∂z2 + (A+Bξ + Cξ2) ∂∂ξ ∧ ∂∂z1 , D ∈ C, (A,B,C) 6= 0 ∈ C3.
In the next subsections, we will determine obstructedness or unobstructedness for each class, and show
that (X,Λ0) is obstructed for the case (1), and (X,Λ0) is unobstructed for the case (2) and (3).
Next we note that by considering spectral sequence associated with the double complex (2.1.6) induced
from Θ•X , we get the following lemma.
Lemma 6.2.1. Let us consider (X = T × P1
C
,Λ0), where T is a complex torus with dimension 2. Then we
have
H
0(X,Θ•X)
∼=ker(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))(6.2.2)
H
1(X,Θ•X)
∼=ker(H0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX))/im(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX))(6.2.3)
⊕ ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
H
2(X,Θ•X)
∼=coker(H0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX))(6.2.4)
⊕ ker(H1(X,∧2ΘX) [Λ0,−]−−−−→ H1(X,∧3ΘX))/im(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
⊕ ker(H2(X,ΘX) [Λ0,−]−−−−→ H2(X,∧2ΘX))
6.3. Obstructed Poisson deformations.
Let us consider a holomorphic Poisson structure on X = T × P1
C
given by
Λ0 = D
∂
∂z1
∧ ∂
∂z2
, D ∈ C.
In this case, we have H1(X,Θ•X) = H
0(X,∧2ΘX) ⊕ H1(X,ΘX). Hence since X is obstructed in complex
deformations, (X,Λ0) is obstructed in Poisson deformations.
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6.4. Unobstructed Poisson deformations.
Let us consider a holomorphic Poisson structure on X = T × P1
C
given by
Λ0 = D
∂
∂z1
∧ ∂
∂z2
+ (A+Bξ + Cξ2)
∂
∂z2
∧ ∂
∂ξ
+ k(A+Bξ + Cξ2)
∂
∂ξ
∧ ∂
∂z1
where D ∈ C and (A,B,C) 6= 0 ∈ C3, and k ∈ C. We will show that (X,Λ0) is unobstructed in Poisson
deformations.
We will describe H1(X,Θ•X) explicitly in terms of (6.2.3).
First let us find im(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). We compute, from (6.1.1) and (6.1.4)
[D
∂
∂z1
∧
∂
∂z2
+ (A+Bξ + Cξ2)
∂
∂z2
∧
∂
∂ξ
+ k(A+Bξ + Cξ2)
∂
∂ξ
∧
∂
∂z1
, α
∂
∂z1
+ β
∂
∂z2
+ (γ0 + γ1ξ + γ2ξ
2)
∂
∂ξ
]
= (Aγ1 −Bγ0 + 2(Aγ2 − Cγ0)ξ + (Bγ2 − Cγ1)ξ
2)
∂
∂z2
∧
∂
∂ξ
+ k(Aγ1 −Bγ0 + 2(Aγ2 − Cγ0)ξ + (Bγ2 − Cγ1)ξ
2)
∂
∂ξ
∧
∂
∂z1
Hence dimC H
0(X,Θ•X) = dimC ker(H
0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)) = 3 so that dimC im(H0(X,ΘX) [Λ0,−]−−−−→
H0(X,∧2ΘX)) = 2.
Second let us find ker(H0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX)). We compute, from (6.1.4) and (6.1.7),
[D
∂
∂z1
∧
∂
∂z2
+ (A+ Bξ + Cξ
2
)
∂
∂z2
∧
∂
∂ξ
+ k(A+ Bξ + Cξ
2
)
∂
∂ξ
∧
∂
∂z1
, a
∂
∂z1
∧
∂
∂z2
+ (b0 + b1ξ + b2ξ
2
)
∂
∂z2
∧
∂
∂ξ
+ (c0 + c1ξ + c2ξ
2
)
∂
∂ξ
∧
∂
∂z1
]
= −(Ac1 − Bc0 + 2(Ac2 − Cc0)ξ + (Bc2 − Cc1)ξ
2
)
∂
∂ξ
∧
∂
∂z2
∧
∂
∂z1
+ k(Ab1 − Bb0 + 2(Ab2 − Cb0)ξ + (Bb2 − Cb1)ξ
2
)
∂
∂ξ
∧
∂
∂z2
∧
∂
∂z1
= 0
so that we have A(−c1 + kb1) − B(−c0 + kb0) = 0, A(−c2 + kb2)− C(−c0 + kb0) = 0, B(−c2 + kb2)−
C(−c1 + kb1) = 0. Hence
(−c0 + kb0,−c1 + kb1,−c2 + kb2) = −t1(A,B,C), t1 ∈ C
⇐⇒ (c0, c1, c2) = k(b0, b1, b2) + t1(A,B,C), t1 ∈ C
Hence dimC ker(H
0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX)) = 5 and any element of ker(H0(X,∧2ΘX) [Λ0,−]−−−−→
H0(X,∧3ΘX)) is of the form
t0
∂
∂z1
∧ ∂
∂z2
+ (b0 + b1ξ + b2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ (t1A+ kb0 + (t1B + kb1)ξ + (t1C + kb2)ξ
2)
∂
∂ξ
∧ ∂
∂z1
where t0, b0, b1, b2, t1 ∈ C.
Since rank

 −B A 0−2C 0 2A
0 −C B

 = 2, there exist (F1, F2, F3) 6= 0 ∈ C3 such that
(F0 + F1ξ + F2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ k(F0 + F1ξ + F2ξ
2)
∂
∂ξ
∧ ∂
∂z1
∈ ker(H0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX))
is not in im(H0(X,ΘX)
[Λ0,−]−−−−→ H0(X,∧2ΘX)). Then
dimC H
1(X,Θ•X) = dimC ker(H
0(X,∧2ΘX) [Λ0,−]−−−−→ H0(X,∧3ΘX))/im(H0(X,ΘX) [Λ0,−]−−−−→ H0(X,∧2ΘX)) = 3
and any element has an unique representation of the form
t0
∂
∂z1
∧ ∂
∂z2
+ t2(F0 + F1ξ + F2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ (t1A+ kt2F0 + (t1B + kt2F1)ξ + (t1C + kt2F2)ξ
2)
∂
∂ξ
∧ ∂
∂z1
(6.4.1)
where t0, t1, t2 ∈ C.
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Next let us find ker(H1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)). We compute, from (6.1.2),
[D
∂
∂z1
∧
∂
∂z2
+ (A+ Bξ + Cξ
2
)
∂
∂z2
∧
∂
∂ξ
+ k(A+Bξ + Cξ
2
)
∂
∂ξ
∧
∂
∂z1
,
(
r0
∂
∂z1
+ r2
∂
∂z2
)
dz¯1 +
(
s0
∂
∂z1
+ s1
∂
∂z2
)
dz¯2 + (w0 + w1ξ + w2ξ
2
)
∂
∂ξ
dz¯1 + (v0 + v1ξ + v2ξ
2
)
∂
∂ξ
dz¯2]
= (Aw1 − Bw0 + 2(Aw2 − Cw0)ξ + (Bw2 − Cw1)ξ
2
)
∂
∂z2
∧
∂
∂ξ
dz¯1 + (Av1 − Bv0 + 2(Av2 − Cv0)ξ + (Bv2 − Cv1)ξ
2
)
∂
∂z2
∧
∂
∂ξ
dz¯2
− k(Aw1 − Bw0 + 2(Aw2 − Cw0)ξ + (Bw2 − Cw1)ξ
2
)
∂
∂z1
∧
∂
∂ξ
dz¯1 − k(Av1 − Bv0 + 2(Av2 − Cv0)ξ + (Bv2 − Cv1)ξ
2
)
∂
∂z1
∧
∂
∂ξ
dz¯2 = 0
Hence dimC ker(H
1(X,ΘX)
[Λ0,−]−−−−→ H1(X,∧2ΘX)) = 6 and any element of ker(H1(X,ΘX) [Λ0,−]−−−−→ H1(X,∧2ΘX))
is of the form
(
t3
∂
∂z1
+ t4
∂
∂z2
)
dz¯1 +
(
t5
∂
∂z1
+ t6
∂
∂z2
)
dz¯2 + t7(A+Bξ + Cξ
2)
∂
∂ξ
dz¯1 + t8(A+Bξ + Cξ
2)
∂
∂ξ
dz¯2
(6.4.2)
Hence dimC H
1(X,Θ•X) = 9 and any element of H
1(X,Θ•X) has an unique representation of the form given
by (6.4.1) and (6.4.2).
Remark 6.4.3. We note that dimC H
2(X,Θ•X) 6= 0 since ker(H2(X,ΘX)
[Λ0,−]−−−−→ H2(X,∧2ΘX)) 6= 0.
Nevertheless we show that (X,Λ0) is unobstructed in Poisson deformations by constructing a Poisson analytic
family of deformations of (X,Λ0) such that the Poisson Kodaira-Spencer map is an isomorphism at t = 0.
We set
Λ = Λ(t) : = t0
∂
∂z1
∧ ∂
∂z2
+ t2(F0 + F1ξ + F2ξ
2)
∂
∂z2
∧ ∂
∂ξ
+ (t1A+ kt2F0 + (t1B + kt2F1)ξ + (t1C + kt2F2)ξ
2)
∂
∂ξ
∧ ∂
∂z1
φ = φ(t) : =
(
t3
∂
∂z1
+ t4
∂
∂z2
)
dz¯1 +
(
t5
∂
∂z1
+ t6
∂
∂z2
)
dz¯2 + t7(A+Bξ + Cξ
2)
∂
∂ξ
dz¯1 + t8(A+Bξ + Cξ
2)
∂
∂ξ
dz¯2
We will show that there exist Λ′(t) with coefficients in H0(X,∧2ΘX) and degree ≥ 2 in t, and φ′(t) with
holomorphic coefficients in A0,1(X,ΘX) and degree ≥ 2 in t such that by setting
β(t) : = Λ(t) + Λ′(t)
α(t) : = φ(t) + φ′(t),
β(t) + α(t) satisfies the integrability condition
L(β(t) + α(t)) +
1
2
[β(t) + α(t), β(t) + α(t)] = 0, L = ∂¯ −+[Λ0,−],
equivalently
[Λ0, β(t)] +
1
2
[β(t), β(t)] = 0(6.4.4)
∂¯β(t) + [Λ0, α(t)] + [β(t), α(t)] = 0(6.4.5)
∂¯α(t) +
1
2
[α(t), α(t)] = 0(6.4.6)
so that β(t) + α(t) defines a Poisson analytic family of deformations of (X,Λ0) such that the Poisson
Kodaira-Spencer map is an isomorphism at t = 0 by Remark 2.1.8. Hence (X,Λ0) is unobstructed in
Poisson deformations.
First we note that
[Λ(t),Λ(t)]
= 2[t2(F0 + F1ξ + F2ξ
2)
∂
∂z2
∧
∂
∂ξ
, (t1A+ kt2F0 + (t1B + kt2F1)ξ + (t1C + kt2F2)ξ
2)
∂
∂ξ
∧
∂
∂z1
]
= 2t1t2(F0B − F1A+ 2(F0C − F2A)ξ + (F1C − F2B)ξ
2)
∂
∂ξ
∧
∂
∂z1
∧
∂
∂z2
= [Λ0,−2t1t2(F0 + F1ξ + F2ξ
2)
∂
∂ξ
∧
∂
∂z1
]
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We set
Λ′(t) := t1t2(F0 + F1ξ + F2ξ
2)
∂
∂ξ
∧ ∂
∂z1
so that [Λ0,Λ
′(t)] + 12 [Λ(t),Λ(t)] = 0. We note that [Λ
′(t),Λ′(t)] = 0, and [Λ(t),Λ′(t)] = 0. Then we have
[Λ0,Λ(t) + Λ
′(t)] +
1
2
[Λ(t) + Λ′(t),Λ(t) + Λ′(t)] = 0(6.4.7)
Hence (6.4.4) is satisfied. Second we note that
[Λ(t), φ(t)]
= t2t7[(F0 + F1ξ + F2ξ
2
)
∂
∂z2
∧
∂
∂ξ
, (A +Bξ + Cξ
2
)
∂
∂ξ
]dz¯1 + t2t8[(F0 + F1ξ + F2ξ
2
)
∂
∂z2
∧
∂
∂ξ
, (A +Bξ + Cξ
2
)
∂
∂ξ
]dz¯2
+ kt2t7[(F0 + F1ξ + F2ξ
2
)
∂
∂ξ
∧
∂
∂z1
, (A+ Bξ + Cξ
2
)
∂
∂ξ
]dz¯1 + kt2t8[(F0 + F1ξ + F2ξ
2
)
∂
∂ξ
∧
∂
∂z1
, (A+ Bξ + Cξ
2
)
∂
∂ξ
]dz¯2
= t2t7(F0B − F1A+ 2(F0C − F2A)ξ + (F1C − F2B)ξ
2
)
∂
∂z2
∧
∂
∂ξ
dz¯1 + t2t8(F0B − F1A+ 2(F0C − F2A)ξ + (F1C − F2B)ξ
2
)
∂
∂z2
∧
∂
∂ξ
dz¯2
− kt2t7(F0B − F1A+ 2(F0C − F2A)ξ + (F1C − F2B)ξ
2
)
∂
∂z1
∧
∂
∂ξ
dz¯1 − kt2t8(F0B − F1A+ 2(F0C − F2A)ξ + (F1C − F2B)ξ
2
)
∂
∂z1
∧
∂
∂ξ
dz¯2
= [Λ0,−t2t7(F0 + F1ξ + F2ξ
2
)
∂
∂ξ
dz¯1] + [Λ0,−t2t8(F0 + F1ξ + F2ξ
2
)
∂
∂ξ
dz¯2]
We set
φ′(t) = t2t7(F0 + F1ξ + F2ξ
2)
∂
∂ξ
dz¯1 + t2t8(F0 + F1ξ + F2ξ
2)
∂
∂ξ
dz¯2
so that [Λ0, φ
′(t)] + [Λ(t), φ(t)] = 0. We note that [Λ′(t), φ′(t)] = 0 and
[Λ(t), φ′(t)] + [Λ′(t), φ(t)]
= [t1(A+Bξ +Cξ
2)
∂
∂ξ
∧
∂
∂z1
, t2t7(F0 + F1ξ + F2ξ
2)
∂
∂ξ
dz¯1 + t2t8(F0 + F1ξ + F2ξ
2)
∂
∂ξ
dz¯2]
+ [t1t2(F0 + F1ξ + F2ξ
2)
∂
∂ξ
∧
∂
∂z1
, t7(A+Bξ +Cξ
2)
∂
∂ξ
dz¯1 + t8(A+Bξ + Cξ
2)
∂
∂ξ
dz¯2] = 0
Then since Λ(t) + Λ′(t) is holomorphic, we have
∂¯(Λ(t) + Λ′(t)) + [Λ0, φ(t) + φ
′(t)] + [Λ(t) + Λ′(t), φ(t) + φ′(t)] = 0(6.4.8)
Hence (6.4.5) is satisfied. Lastly we note that φ(t) + φ′(t) is holomorphic and
φ(t) + φ′(t) =
(
t3
∂
∂z1
+ t4
∂
∂z2
)
dz¯1 +
(
t5
∂
∂z1
+ t6
∂
∂z2
)
dz¯2
+ t7(A+ t2F0 + (B + t2F1)ξ + (C + t2F2)ξ
2)
∂
∂ξ
dz¯1 + t8(A+ t2F0 + (B + t2F1)ξ + (C + t2F2)ξ
2)
∂
∂ξ
dz¯2
so that we have
∂¯(φ(t) + φ′(t)) +
1
2
[φ(t) + φ′(t), φ(t) + φ′(t)] = 0(6.4.9)
Hence (6.4.6) is satisfied. From (6.4.7), (6.4.8), (6.4.9), β(t) := Λ(t) + Λ′(t) and α(t) := φ(t) + φ′(t) defines
a Poisson analytic family of deformations of (X,Λ0) such that the Poisson Kodaira-Spencer map is an
isomorphism at t = 0 so that (X,Λ0) is unobstructed in Poisson deformations.
It remains to determine obstructedness or unobstructedness of (X,Λ0) where Λ0 is given by
Λ0 = D
∂
∂z1
∧ ∂
∂z2
+ (A+Bξ + Cξ2)
∂
∂ξ
∧ ∂
∂z1
where D ∈ C and (A,B,C) 6= 0 ∈ C3. But by changing z1 and z2, we get to the previous case. Hence
(X,Λ0) is unobstructed in Poisson deformations.
We summarize Poisson deformations of T × P1
C
in Table 10.
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Poisson structure on X = T × P1
C
dimCH
1(X,Θ•X) Poisson deformations
D ∂∂z1 ∧ ∂∂z2 , D ∈ C 17 obstructed
D ∂∂z1 ∧ ∂∂z2 + (A+Bξ + Cξ2) ∂∂z2 ∧ ∂∂ξ + k(A+Bξ + Cξ2) ∂∂ξ ∧ ∂∂z1 9 unobstructed
D ∈ C, (A,B,C) 6= 0 ∈ C3, k ∈ C
D ∂∂z1 ∧ ∂∂z2 + (A+Bξ + Cξ2) ∂∂ξ ∧ ∂∂z1 9 unobstructed
D ∈ C, (A,B,C) 6= 0 ∈ C3
Table 10. Poisson deformations of T × P1
C
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